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Chapter 2

Generic Java

2.1 Introduction

In this introduction we will describe the new features of Java 1.5 [BCK101, Aus04]. In
the following we call Java’s version 1.5 Java 5.0. First we give a short historical outline,
then we consider explicitly the generics in Java 5.0. In a third part we introduce ?77F-
bounded??? class parameters [CCHT89, CHC90]. Finally, we consider boxed and unboxed
types.

2.1.1 From PIZZA via GJ to Java 5.0
[OW97] [ORW00] [BOSW9Sh] [BOSW98a] [BOSW9S] [BCK*01]

2.1.2 Generics

The essential extensions of Java 5.0 are the generic types (generics). This means classes
can have parameters. The type system is then extended by parameterized types, type
variables, and type terms. An earlier implementation of these features have been done by
the Generic—Java compiler [BOSW98b|, [BOSW98a].

Examples for parameterized types are

Seq<a>
Vector<a>
Pair<a,b>

The parameters in the classes can be instantiated by each type. For example a declaration
of a vector of Integers is done by

Vector<Integer> v = new Vector<Integer>();

In comparison to the declaration Vector v = new Vector(); in older java versions now
the vector can only contain instances of the class Integer. In most cases datatypes like
Vector are used only for instances of one class. Nevertheless, if the vector is needed for
instances of different classes the vector instances can be declared as Vector<Object>.
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The main advantage of declarations like this is that many type casts are unnecessary. For
example, if we want to get the sixth object of an Integer vector v, in traditional java
(Version < 1.4) we must write

Integer i = (Integer)v.get(6);

whereas in Java 5.0 satisfies
Integer i = v.get(6);

In parameterized classes the parameters substitute the previous type Object, as shown in
the following cutout of the class Vector:

class Vector<a> {
void add (a elem) { ...}

a get (int 1) { ...}
}

This means that the declaration Vector<Integer> v = new Vector<Integer>(); instanti-
ated the type variable a by Integer. Therefore the type cast shown above is unnecessary.
Furthermore some run time errors become compiling errors. In traditional java statements
like

Vector v = new Vector();
v.add(new Integer(9));
((String)v.get(5)) + "hallo"

are type correct, as the result type of get is Object and the type cast from Object
to String is correct. It leads to an runtime error. In Java 5.0 the compilation of the
analogous lines

Vector<Integer> v = new Vector<Integer>();
v.add(new Integer(9));
((String)v.get(5)) ++ "hallo"

causes a type error, as a type cast from Integer, the instantiated result type of get, to
String is incorrect.
Now, we give an example for a class with instantiated parameters.

class Matrix extends Vector<Vector<Integer>> {

Matrix mul (Matrix m) {
Matrix ret = new Matrix ();
for(int i = 0; i < size(); i++) {
Vector<Integer> vl = this.elementAt(i);
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Vector<Integer> v2 = new Vector<Integer> ();
for (int j = 0; j < vi.size(); j++) {
int erg = 0;
for (int k = 0; k < vl.size(); k++) {
erg = erg + vl.elementAt (k) .intValue()
* (m.elementAt(k)).elementAt(j).intValue();

}

v2.addElement (new Integer(erg));

}

ret.addElement (v2);

}

return ret;

}

The class Matrix is an extension of Vector<Vector<Integer>>, where the method mul is
added.

2.1.3 7???F-bounded??? parameters

Furthermore in [BCKT01] ???F-bounded??? parameters are introduced, which means
that parameters are constrained by interfaces. in the next example, which is corresponds
to example 2 from [BCK*01],

BEISPIEL NOCHMALS TESTEN

class ReprChange<a implements ConvertibleTo<b>,
b implements ConvertibleTo<a>> {
a element;

void set(b x) { element = x.convert(); }
b get() { return element.convert(); }

}

with the interface

interface ConvertibleTo<a> {
a convert();

the type variable a can only be instantiated by types which corresponding objects imple-
ment the interface ConvertibleTo<b>.
The following classes INT and FLOAT is an example for the application of ReprChange.

class INT implements ConvertibleTo<FLOAT> {
int 1i;

INT(int i) {

8 CHAPTER 2. GENERIC JAVA

this.i = 1i;

}

public FLOAT convert() {
return new FLOAT((new Float((float)i)).floatValue());
}

}

class FLOAT implements ConvertibleTo<INT> {
float i;

FLOAT(float i) {
this.i = i;
}

public INT convert() {
return new INT((new Integer((int)i)).intValue());
}

}

In the actual beta—version of Java 5.0777F-bounded??? parameters are not implemented.

2.1.4 Boxed and unboxed types

In Java 5.0 there is a further extension. The base types like boolean, integer, or char and
the respective corresponding classes can be used equivalently. This means that if a method
has the result type int, another method with parameter type Integer is applicaple to
the result.

The following small examples present the possibilities of the feature:

Transformation base type in a objekte: int to Integer

so far:
int i = 16;

Integer I = new Integer(i)
I.equals(new Integer(17));

new: without explicit transformation
int i = 16;

Integer I = new Integer(i)
I.equals(17);

Transformation Objekt to base type: Integer to int
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so far:

Integer I = new Integer(22);
int erg = I.intValue() + 21;

new: without explicit transformation

Integer I = new Integer(22);
int erg = I + 21;

Unfortunately, there is one restriction. It is not possible to apply a method on base
constant as 1.toString().

2.1.5 Type Inference in Java 5.0

In Java 5.0 type inference is implemented for type instantiations of formal type parameters
(type variables) in polymorphic types. Odersky describes the implementation in [Ode02].
The instantiations use only local knowledge and is a variant of the local type inference
[PTO00] (cp. section 5.1).

As an example we consider again the class Vector<a>:

class Vector<a> {
void add (a elem) { ...}

a get (int i) { ...}

An application of the method add to an Integer

Vector<Integer> v = new Vector<Integer>();
v.add(new Integer(1));

inferrs the type Integer for the type variable a. In Java 5.0 it is impossible to declare
this instantiation explicitly, such as v.add: (Integer -> void) (new Integer(1)).

2.2 Generics and type inference as features of Java 5.0

In this section we will discuss the introduction of generics in Java. From this following
we will show, why it make sense to extends the generics by a type inference system.

10 CHAPTER 2. GENERIC JAVA

2.2.1 Benefits of generics in Java 5.0

Now we compare Java’s type system without parametrized classes respectively types with
parametrized types in Java 5.0. We will present two main advantages of the generics.
The first one is that less type casts are necessary, which reduces errors, which cannot be
detected during compile time. The second one is the necessity to use much more detailed
type annotations. As type annotations can be viewed as an abstract interpretation of
the program’s semantic, more details type systems detect more semantical error during
program construction time ???ZITAT [BOSW98c] 777.

Type casts

Let us consider again the Java 5.0 declaration

Vector<Integer> v = new Vector<Integer>();

The main advantage of declarations like this are that already during compile time errors
are detected, if a method with an instantiated parameter type is applied to an object of
a wrong type, which would cause no error if the parameter type would be Object. For
example

v.add(new Integer(27));
((String)v.get(0)) ++ "Hallo";

would cause an error during compilation time. The result type of v.get(0) is Integer
and there is no possibility to cast an Integer to a String. There a type error provoked,
although the operator ++ connecting two Strings is correct.

If we would implement the same program in a lower Java version it would look like

Vector v = new Vector();
v.add(new Integer(27));
((String)v.get(0)) ++ "Hallo";

Then, v.get (0) has the type Object. But this means that the type cast from Object
to String is possible. Therefore the type cast would not provoke a type error. As the
operator ++ is correct for two Strings no error during compilation time would arose.
This example shows that type casts often disguise real errors, as only for technical reasons
they are inserted, although a type change is not needed really. This means that type casts
should be avoided as often as possible. This is supported by the generics in Java as shown
above.

Generics considered as more detailed type annotations

Now, we will consider the possibilities and the necessities as more detailed type annota-
tions for fields, variables, and methods. As type annotations of programs can be consid-
ered as abstract interpretations of the programs, more detailed type annotations means
that the semantics of the program is also more detailed approached by the types. But
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this means then, that programs written in languages with more detailed type systems, year_district_children_adults.addElement (district_children_adults);
are rather semantically correct if they are syntactically correct. An old SML [Mil97]

programer said " If my programs have the right types, they are nearly already work also }

correct”. In section 7?7 we will compare the Hindley/Milner type system [DM82], which }

is the base of the SML type system and is also a detailed type system, with the Java 5.0
type system.

We give a further exmaple which should confirm the thesis. The example implements a
cut out of a statistics of a town. The correlation between children and adults in some
districts are considered. We give this implementation again in the lower Java versions and

public static void main(String[] args) {
population_development be = new population_development () ;
for (int i = 0; i < 9; i++) {// year 0O to year 9
for (int j = 0; j < 4; j++) {//district O bis district 4

. System.out.print("year " + i + ": district " + j + ": ");
in Java 5.0. nt ("chid "
. X . . o System.out.print("children: " +
For the presentation of the correlation we need a class Pair. In traditional Java Pair is ((Pair) (Vector)be.year_district_children_adults.get(i)).get(j)).£st() + " ");
implemented as System.out.println("adults: " +
class Pair { ((Pair) ((Vector)be.year_district_children_adults.get(i)).get(j)).snd());
Object x; }
Object y; 1
}
Pair(Object x, Object y) { 1
this.x = x;
this.y = y;
} The imprecise type declarations cause by the loss of generics in traditional Java are italic
printed. The variables year_district_children adults and district_children_adults
Object fst() { both are typed by Vector. But it is not determined the type of the vector’s elements.
return x; In contrast in Java 5.0 these variables are typed more precise.
} class Pair<a,b> {
Object snd() { a x;
return y; by;
}

Pair(a x, b y) {
The next class we consider the population development over nine years. The field year district_children adults this.x = x;

describes the corelation between children and adults in different districts in different years. y this.y = y;
class population_development {
Vector year_district_children_adults; a fst() {
return x;
population_development () { }
year_district_children_adults = new Vector();
for (int i = 0; i < 9; i++) {// year O ro year 9 b snd() {
Vector district_children_adults = new Vector(); return y;
for (int j = 0; j < 4; j++) {//district O bis district 4 }
long children = select from Database }
long adults = select from Database
Pair children_adults class population_development {
= new Pair(new Long(children), new Long(adults)); Vector<Vector<Pair<Long,Long>>> year_district_children_adults;

district_children_adults.addElement (children_adults);
} population_development () {
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year_district_children_adults = new Vector<Vector<Pair<Long,Long>>>();
for (int i = 0; i < 9; i++) {// year 0 to year 9
Vector<Pair<Long,Long>> district_children_adults
= new Vector<Pair<Long,Long>>();
for (int j = 0; j < 4; j++) {//district O to district 4
long children = select from Database
long adults = select from Database
Pair<Long,Long> children_adults
= new Pair<Long,Long>(children, adults);
district_children_adults.addElement (children_adults);

}

year_district_children_adults.addElement(district_children_adults);

}

public static void main(String[] args) {
population_development be = new population_development();
for (int i = 0; i < 9; i++) {// year 0 to year 9
for (int j = 0; j < 4; j++) {//district O to district 4
System.out.print("year " + i + ": district " + j + ": ");
System.out.print("children: " +
be.year_district_children_adults.get(i).get(j) .fst() + " ");
System.out.println("adults: " +
be.year_district_children_adults.get(i).get(j).snd());

}

The field year_district_children_adults has the type Vector<Vector<Pair<Long,Long>>>

and the local variable district_children_adults has the type Vector<Pair<Long,Long>>.
In this example substanial reflections have to been done to declare the type of the field
year_district_children_adults. In contrast in traditional Java 5.0 it is obvious that
the type is Vector. A possible semantical defect could be caused in the fact that the
implementer ignores during implementing that the town is devided in districts. This
would lead to the leave out of the inner loops and a declarations:

long children = select from Database

long adults = select from Database

Pair<Long,Long> children_adults = new Pair<Long,Long>(children, adults);
year_district_children_adults.addElement (children_adults);

In Java 5.0 the statement year_district_children_adults.addElement (children_adults);

would bring the type error

population_development.java:30:
addElement (java.util. Vector<Pair<java.lang.Long, java.lang.Long>>)
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in java.util.Vector<java.util.Vector<Pair<java.lang.Long, java.lang.Long>>>
cannot be applied to (Pair<java.lang.Long,java.lang.Long>)
year district_children_adults.addElement (children_adults);

1 error

In contrast in traditional Java no error would be brought. This is a semantical error which
is transformed to a syntactical error by a type declaration using generics.

If we estimate this error, we recognize that the real cause of the not recognition of the
error by the compiler is, that the field year_district_children_adults is not precise
type declared. Types of fields are determined during the desgin phase of the software
development process. This means on the one hand that the given scenario is absolutely
realistic, as the type declaration and the coding is done in different points in time. On the
other hand it shows that error avoiding is possible by doing more reflections in designing
more detailed types.

2.2.2 Convenience by using type inference

In last two section, we show why it makes sense to use generics in Java. On the one hand
type casts can be avoided, which is comfortable and allows detecting errors in a earlier
phase of the software development process. On the other hand generics can avoid some
semantical errors as typing is a kind of abstract interpretation of the program’s semantics
by transforming it to a type error.

The main problems to argue the programmers to use generics are that they must learn the
theoretical base of the type system and that it is unconvience to write these syntactically
long type terms. The first problem is indeed only solvable by learning the ideas of the
type system. But the second problem can be solved by a type inference system. Type
inference systems are well-known from functional programming languages (e.g. [DM82,
Mil97, eABT02]) (NEUESTE VERSION HASKEL-REPORT). The idea in Java 5.0 is
that the fields are typed by the programer and that the types of the methods and local
variables are determined by the system. If we consider the two example from the above
paragraphs again, they would look like the following.

In the matrix example the variables are printed italic which types must be determined.

class Matrix extends Vector<Vector<Integer>> {

mul(m) {
ret = new Matrix ();
1 = 0;
while(i < size()) {
vl = this.elementAt(i);
v2 = new Vector<Integer> ();

J =0
while (j < vi.size()) {
erg = 0;
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k =0;
while (k < vl.size()) {
erg = erg + vl.elementAt (k)
* (m.elementAt(k)).elementAt(j);
k++; }
v2.addElement (erg) ;
s}
ret.addElement (v2) ;
i++; }
return ret; }

Additionaly, the return type of mul must be determined. Here, no field is declared. In
contrast in the town statistics there is a field. The field is explicite typed.

class population_development {
Vector<Vector<Pair<Long,Long>>> year_district_children_adults;

population_development() {
year_district_children_adults = new Vector<Vector<Pair<Long,Long>>>();
for (i = 0; i < 9; i++) {// year 0 to year 9
district_children_adults = new Vector<Pair<Long,Long>>();
for (j = 0; j < 4; j++) {//district O to district 4
children = select from Database
adults = select from Database
children_adults = new Pair<Long,Long>(children, adults);
district_children_adults.addElement (children_adults);

}

year_district_children_adults.addElement (district_children_adults);

}

The types of the local variables (italic printed) and the return type of the method should
be determined by the system.

As shown by these examples it is convience for the programer to omit the type declara-
tions. Coeval the static detailed type system and its benefits is not lossed. Rather type
determination can be considered as a check if the types of a method defined during the
analysis and the design phase agree with the by the system determined types of the coded
method.

CHAPTER 2. GENERIC JAVA



Chapter 3

Java 5.0 Types

3.1 Introduction

In this chapter we describe the type system of Java 5.0. The base of the type system is
given in [GJSBO05]. In Java 5.0 types are given as type terms, like Vector<Vector<Integer>>
or ? extends List<Object> The type terms are constructed over the class/interface
names. The given class/interface names form a finite rank alphabet, where the number of
parameters is mapped to the corresponding class/interface names. The parameters can
be bounded by further type terms. This restrict the type term construction, such that as
arguments only types are allowed, which fullfils the bounds. Furthermore the inheritance
relation forms a subtyping ordering. This means that the inheritance hierarchy can be
considered as polymorphic order-sorted types. Polymorphic order—sorted types are a part
of the theory of polymorphic order-sorted algebras.

The theory of polymorphic order-sorted algebras is a generalization of the concepts of
order-sorted algebras(e.g. [GM89]) and of polymorphic many-sorted algebras [Thi94].
Polymorphic order—sorted algebras describe in [Smo89, Smo88a] the semantics of a typed
logical programming language, while in [Thi93] a first approach to describe a functional
programming language by polymorphic order-sorted algebras is given. In [Pli99a] we
extended the approach of [Thi93].

From consideration the Java 5.0 types as polymorphic order-sorted types follows that the
methods typed by the type terms could be considered as polymorphic order-sorted signa-
ture and the semantics of Java 5.0 class could be considered as a polymorphic order-sorted
algebra. We will not do this. We will only consider the Java 5.0 types as polymorphic
order-sorted types, as this is the base for the type unification (chapter 4) and the type
inference (chapter 5).

3.2 Polymorphic Order—sorted Types as Inheritance
Hierarchy

In this section, we define a set of types, an ordering on this set of types, and the translation
from the inheritance hierarchy of Java 5.0 classes to the type ordering.
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The base of the types are elements of the set of terms To(7TV ), which are given as a
set of terms over a finite rank alphabet © of class names and a set of type variables T'V.
Because of this we will speak of type terms instead of types.

Example 3.1 Let the following Java 5.0 program be given:

class A<a> implements I<a> { ...}
class B<a> extends A<a> { ...}
class C<a extends I<b>,b> { ...}
interface I<a> { ...}
The rank alphabet © = (—)sgN is determined by
OW = {A,B, 1} and ©@ = {c}.
For example A<Integer>, A<B<Boolean>>, and C<A<Object>, Object> are type terms.

The problem is that the bound of the parameter b in the class C is not considered. This
leads to the problem that type terms like C<C<a>> are allowed, although they are not
correct in Java 5.0.

The solution of the problem is that we extend the rank alphabet © to a type signature,
where the arity of the type constructors is indexed by bounded type variables. This
leads to a restriction in the type term construction, such that the correct set of type
terms is a subset of To(T'V'). Additionally the set of correct type terms is added by some
wildcard constructions. We call the set of correct types set of simple types STypers( BTV )
(definition 3.8). Unfortunatly, the definitions of the type signature and the simple types
are mutually dependent. This is caused by the fact, that on the one hand the set of simple
types is the term set over the type signature. On the other hand the types of the type
signature are also the simple types. This means that we must first assume a given set
of simple types, without knowing, how the set of simple types is exactly defined. As an
approximation the reader must first assume the set of simple types as the term set over
the class names.

Definition 3.2 (Bounded type variables) Let STypers( BTV ) be a set of simple types.
Then, the set of bounded type variables is a family BTV = (BTV("H))tyg(sTypeTs(BTV)),
where each type variable is assigned to an intersection of simple types. 1(STypers( BTV ))
denotes the set of intersections over simple types (cp. def. 3.8).

In the following we will write a type variable a bounded by the type ty as aly,.

Remark Type variables which are not bounded can be considered as bounded type
variables by themselves. For example a not bounded type variable a can be considered as
alg.

BOUNDED TYPE
VARIABLE
UEBERALL MIT
& SCHREIBEN
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Definition 3.3 (Bounded type variables in a declared Java 5.0 class) Let the fol-
loing Java 5.0 class be given:

class C<A1 extends AI1_bnd, ..., An extends An_bnd> {

<T1 extends T1_bnd_1 & ... & T1_bnd_nl

Tm ’exvt.e'n:is Tm_bnd_1 & ... & Tm_bnd_nm > rty methodname ( ...) { ...}
}

The set of bounded type variables BTV of a method methodname is given by set smallest
set with the properties Ai € BTV A=nd) gnd Ti € BTV (T for 1< j <bnd_ni.

Example 3.4 Let the following Java 5.0 class be given.

class BoundedTypeVars<A extends Number> {

<T extends Vector & J<A> & T,
R extends Number> void m ( ...) { ...}

}

The set of bounded type variable BTV of the method m is given as BTV Mumber) — {AR}
and BTv(Vector&J<A>&I) — {T}

Definition 3.5 (Type signature, type constructor) Let STypers( BTV ) be a set of
simple types. A type signature T'S is a pair (STypers( BTV'), TC) where BTV is a
family of bounded type variables and TC is a (BTV')*-indexed family of type constructors
(class names).

Definition 3.6 (Type signature of declared Java 5.0 classes) Let JC be a set of
declared Java 5.0 classes. The type signature TS = (STypers(BTV ), TC) of JC is
given as: For each class declaration

class C<extexpry, ..., estexpr,>... € JC
respectively for each interface declaration
interface C<extexpry,..., extezpr,>... € JC

holds
Ce Tc(f,m,...,tvn)
where for 1<i<n holds:
for = aila, if extexpr; = “a;”
U\ alg; i eatexpr; = “a; extends ty;”

Example 3.7 Let the following from example 3.1 extended Java 5.0 program be given:
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class A<a> implements I<a> { ... }
class B<a> extends A<a> { ... }
class C<a extends I<b>,b> { ... }
interface I<a> { ... }

interface J<a> { ... }

class D<a extends B<a> & J<b>, b> { ... }

Then, the corresponding type signature (STypeps( BTV, TC) is given by TC@R) =
{A7B, I,J }7 TC(a\1<b> bly) — {C }, and Tc(a\a<a>m<b> blp) — {D }

Now, we have given all premises, such we can define the set of Java 5.0 simple types.

Definition 3.8 (Simple types) The set of simple types STypers( BTV') for a given
type signature (STypers( BTV ), TC) is defined as the smallest set satisfying the following
conditions:

e For each intersection type ty: BTV C STypeqs( BTV )
e TCV C STypers( BTV)
e For ty, € STypers(BTV)

u{?}

U{?extends 7 | 7 € STypers( BTV )}

U{?super 7 | 7 € STypers(BTV ) }
and C € TC @l -~anlivn) jt holds

C<tyy, ..., ty,> € STypers( BTV )

if there is a substitution o = [a; — ty; | 1 < i < n] such that for all ty; =
01',71& e &9,‘7”1 either

— 4t holds ty; <* o(0; ;) for all 1<j<n; or
— for ty; € BTVM&-&mm) for eqch 7; there is a 0; ), with 7, <*o(0;,) or

— 4t holds ty; = 2

or there is a substitution ¢ = [a; — Ty; | 1 < i < n] such that for all ty;, =

9{71& cee &491'7,27

— it holds ty; = “? extends Ty, ” and ty; <*o(0;;) for all 1<j<n,



3.2. INHERITANCE HIERARCHY 21

where <* is a subtyping ordering (def. 3.10).
The set of intersection types over a set of STypers( BTV') is denoted by:

I(STypers(BTV)) ={6:1& ... &0, | 0; € STypers( BTV ),n € N }.

TVar(ty) determines the type variables of an intersection type ty.

7 is a wildcard type. Wildcard types are a restricted form of existential types. A formal
account of wildcard types is given in [TEPHO05].

After the following definitions of the extends relation and the subtyping ordering we will
give some examples to explain the definition of simple types.

Now we define the inheritance hierarchy of Java 5.0 classes. The inheritance hierarchy
consists of two different relations: The “extends relation” is explicitly defined in Java 5.0
programs by the extends respectively the implements declarations. The “subtyping rela-
tion” is then built as the reflexive, transitive, and instantiating closure of the “extends
relation”.

Definition 3.9 (Extends relation <) Let JC be a set of declared Java 5.0 classes and
TS = (STypers(BTV'), TC) its type signature. For each Java 5.0 class or interface
declaration in JC' the extends relation < is defined follows.

BEDINGUNG FUER PARAMETER, MUESSEN IN DEN BOUND DER PARAMETER
IHRER SUPERKLASSEN LIEGEN.

1. class/interface C<extexpry,..., extezpr,> extends 7" defines

’
C<a17-~-7an>§7—7

where for 1<i<n holds

[}

extexpr; = “a;

or
extexpr; = “a; extends ty;”

and for 1<i<n: TVar(ty;) C {a,...,an }.

2. class C<eatexpry,..., exterpr,> implements 7{,... ,T;, defines

C<a1,...,(ln>STI/,,...,C<(11,..‘,(1">ST;}

where for 1<i<n holds

[}

extexpr; = “a;
or

extexpr; = “a; extends ty;”

and for 1<i<n: TVar(ty;) C {ay,...,a,}.

Was passiert
mir  class  CliB
implements X,

extends ClSuper|B
implements  X;
06-09-13  erledigt
ist schon durch
die  type signa-
ture definition
ausgeschlossen.
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Now, we define the subtyping relation by building the reflexive, transitive, and instanti-
ating closure of the extends relation.

Definition 3.10 (Subtyping relation <*) Let JC be a set of declared Java 5.0 classes,
TS = (STypers( BTV), TC) its type signature, and < the corresponding extends rela-
tion. The subtyping relation <* is given as the reflexive and transitive closure of the
smallest relation statisfying the following conditions:

o ifO<O then 0<*0.

o if Oy <* 0y then o1(0;) <*03(0y) for all substitutions o1, o9, which satisfy for each
type variable a of 03 one of the following conditions:

— oi1(a) =o09(a) (soundness condition)

—o1(a)=0 and og(a) ="

—o1(a) =0 and o3(a) =7 extends ¢ and 0 <*¢'

— o1(a) =7 extends 0 and 03(a) =7 extends 0 and 6 <*¢'
(

- o1 =0 and o3(a) =7 super 0 and 6 <*¢’
?

— o1(a)="7 super ¢ and os(a) =7 super 0 and 6 <*¢
e a<*0 forae BTV 01&-&0n) yyhere 30, : 0, <* 6.
Example 3.11 1. We consider again the type signature (STypers( BTV'), TC) from

example 3.7. For C € TC(oh ¥) 4t holds C<B<a>,a> € STypers( BTV'), as for
0 =lar— B<a> b — a] it holds o( a) = B<a><*I<a> = o(I<b>) and a<*o(b).

Otherwise for exzample C<C<A<a>,a>, A<a>> is no element of STypers( BTV ), as
C<A<a>,a> £* I<A<a>>.

2. If we extend the Java 5.0 program by the class declaration
class BJ<c> extends B<BJ<c>> implements J<c> {...}

then the type D<BJ<Integer>, Integer> is correct, as for D € TC @b Ph) there
is a substitution 0 = [a +— BJ<Integer>b +— Integer| with

BJ<Integer> <*B<BJ<Integer>>(= o(B<a>))

and
BJ<Integer> <" J<Integer>(= o( J<b>)).

3. The type C<? extends A<a> a> is also a simple type. As it holds A<a> <* I<a>, it
is also allowed to use a wildcard bounded by A<a>.



verglichen ob das
irgendwas mit dem
nicht  soundness
von  oo-Sprachen
zu tun hat. vgl
Hinweis in ECCOP
Paper.

3.2. INHERITANCE HIERARCHY 23

Remark The the fourth condition in definition 3.8 for simple type construction with
wildcards is more restrictive than in the original Java 5.0 compiler implementation (jdk
1.5.0-08).

The less restrictive original condition allows confusing correct simple types. Let us con-
sider the following example. Again, let be given the Java 5.0 program from example 3.7.
A variable declaration

D<? extends B<a>, a> v;

is correct. But an allocation statement

D<? extends B<a>, a> v = new D<B<a>,a> ();

is not correct, as D<B<a>,a> is no correct simple type. From our point of view it is not
obvious, if this approch make any sense.

Remark It is surprising that in the subtyping definition (def. 3.10) the soundness
condition for oy and oy in the first subitem is not oy(a) <*oz(a), but o1(a) = oz(a).
This is necessary to get a sound type system, because of the contravariance problem in
object oriented languages.

Let the following Java 5.0 classes be given.

class Super { ...}
class Sub extends Super { ...}

class Application {
public static void main(String[] args) {
Vector<Super> v = new Vector<Sub> ();
v.add(new Super()); }

}

An element of the type Vector<Sub> is assigned to the variable v of the type Vector<Super>.
This is no problem as all elements which have the type Sub have also the type Super.
Then a new element of the type Super is added to the vector which is assigned to the
variable v. Now we have the problem, that elements of this vector have the type Sub and
Super is no subtype of Sub.

As in expression assignments, like Vector<Super> v = new Vector<Sub>(); the type of
the right hand side must be a subtype of the left hand side’s type, the class Application
is not type correct, caused by this substitution’s restriction.

But, sometimes assignments like

Vector<Super> v = new Vector<Sub> ();
would although be desirable. Therefore the wildcards are introduced. It is allowed:

Vector<? extends Super> v = new Vector<Sub> ();
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Now, Vector<Sub> is a subtype of Vector<? extends Super>, which means the assign-
ment ist type correct. As “? extends Super” is not a simple type in the Java 5.0 type
system, in this case v.add(new Super()); is prohibited. There is no method add with
the argument type “? extends Super”, which would be necessary. This means, that
problems like in the class Application cannot arise.

Remark In the theory of polymorphic order-sorted algebras [Smo88a, Smo89, Thid3,
Pli99a] partial ordered types, like the simple types are called polymorphic order-sorted
types.

In the following we will declare an additional ordering on the set of simple types, which
we will call the finite closure of the extends relation. This ordering is very important
to calculate the finite number of general type unifiers by our type unification algorithm
(section 4.2).

Definition 3.12 (Finite closure of <) Let < be an extends relation and <* its sub-

typing relation. Then, the finite closure FC( < ) is defined as the reflexive and transitive
closure of fey,s. with

fese = JU@.0) <0} U {(6,0) [ 0<77' ).

0<0’

Remark The finite closure FC( < ) is a finite subset of <*.
Now we give some examples to illustrate the abstract definitions.

Example 3.13 The simple types STypers( BTV ) of the well-known traditional Java in-

heritance hierarchy (jdk < 1.4) is defined on a type signature T'S = (STypers( BTV ), TC),

where all type constructors are contained in TCV.

class Object { ...}

class Boolean extends Object { ...}
interface Comparable { ...}
class Character extends Object implements Comparable { ...}

class Number extends Object { ...}
class Integer extends Number implements Comparable { ...}

class String extends Object implements Comparable { ...}

suchen nach dem
Begriff partitions
muss  gestrichen
werden

Skeleton durch fite
closure ersetzen
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Conpar abl e Obj ect

Bool ean Char act er Nunber

I nt eger

Figure 3.1: Inheritance hierarchy of traditional java

From this cutout of the traditional inheritance hierarchy the subtyping relation is given in
fig. 3.1 as an Hasse—diagram.

The second example shows how the subtyping ordering of parameterized classes is ar-
ranged.

Example 3.14 Let the following Java 5.0 declarations be given:

interface List<a> { ...}

abstract class AbstractList<a> implements List<a> { ...}
class Vector<a> extends AbstractList<a> { ...}

class Stack<a> extends Vector<a> { ...}

The extends relation < is shown in fig. 3.2. The corresponding subtyping ordering <*
comprises for example

Stack<Integer> <" Vector<Integer>,

Stack<Vector<Integer>> <*Vector<Vector<Integer>>,

and
Vector<List<Integer>> <"List<List<Integer>>.

Following the soundness condition (def. 3.10)
Vector<Vector<Integer>> £*List<List<Integer>>

but
Vector<Vector<Integer>> <*List<? extends List<Integer>>.
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Li st <a>

Abstract Li st <a>

Vect or <a>

St ack<a>

Figure 3.2: Type term ordering of a parameterized vector

Furthermore for example the following simple types with wildcards are contained in <* :
Vector<? extends Vector<Integer>><"List<? extends List<Integer>>
Vector<List<Integer>> <" List<? super Vector<Integer>>

Vector<? super List<Integer>><"List<? super Vector<Integer>>

If we add the default declaration Vector<a> < Object to the extends relation, we get in
<* an infinite chain:

<* Vector<Vector<Vector<? extends Object>>>
<* Vector<Vector<? extends Object>>

<* Vector<? extends Object>

<* Object

Example 3.15 Now we change the Java 5.0 declaration of the last example:

abstract class AbstractList<a> implements List<a> { ...}
class Vector<a> extends AbstractList<a> { ...}

class Matrix<a> extends Vector<Vector<a>> { ...}

class ExtMatrix<a> extends Matrix<a> { ...}

We consider now the finite closure FC( < ). First we determine fcpase:
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fewe = JU@O) [T< 0} U{(0.8)]0<F))
o</
= {<(9, List<a>) | § <*List<a> } U
{ (AbstractList<a>,§,) | AbstractList<a><*0} (1)
U { (6, AbstractList<a>) | § <* AbstractList<a> }U
{ (Vector<a>, 9/) | Vector<a><*0} (2)
U {(6,Vector<Vector<a>> |  <*Vector<Vector<a>>} U
{ (Matrix<a>,0) | Matrix<a><*0} (3)
{(f,Matrix<a> | § <*Matrix<a> } U
{(

ExtMatrix<a> 0 ) | ExtMatrix<a><*f} (4)
Now we consider the sets (1), (2), (3), (4), seperatly:

(1)={ (List<a>, List<a>),
(AbstractList<a> List<a>),
(Vector<a> List<a>) }

{ (AbstractList<a>, AbstractList<a>),

(AbstractList<a> List<a>)}

(AbstractList<a>, AbstractList<a>),

(Vector<a>, AbstractList<a>) }

(Vector<a>,Vector<a>),

(Vector<a>, AbstractList<a>),

(Vector<a> List<a>) }

(3)={ (Vector<Vector<a>> Vector<Vector<a>>),

(Matrix<a>, Vector<Vector<a>>),
(
(
(
(
(
(
(
(
(
(
(

C

(2)={
{

C

ExtMatrix<a>, Vector<Vector<a>>) }

U{ (Matrix<a> Matrix<a>),

Matrix<a>, Vector<Vector<a>>),
Matrix<a>, AbstractList<Vector<a>>),
Matrix<a>, List<Vector<a>>)}

Matrix<a>, Matrix<a>),

ExtMatrix<a> Matrix<a>)}

ExtMatrix<a>, ExtMatrix<a>),
ExtMatrix<a> Matrix<a>),

ExtMatrix<a>, Vector<Vector<a>>),
ExtMatrix<a>, AbstractList<Vector<a>>),
(ExtMatrix<a>, List<Vector<a>>})

Then, the finite closure FC( <) is built by the transitive and reflexive closure of
the union (1) U (2) U (3) U (4). It is shown in fig. 3.3.

(4)=

)

{
{

Example 3.16 The last example which we give in this section is an example for the
possibiliy that there are multiple mazimal lower bounds in a subtyping ordering. The
cause for this is the possibility that one interface can be implemented by different classes.
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Li st <Vect or <a>> Li st <a>
Abstract Li st <Vect or <a>> Abstract Li st <a>
Vect or <Vect or <a>> Vect or <a>
Mat ri x<a>
Ext Mat ri x<a>

Figure 3.3: Finite closure of an extends relation

interface Collection<a> { ... }
interface Serializable { ... }

class Vector<a> extends AbstractList<a>
implements Collection<a>, Serializable { ... }

class PriorityQueue<a> extends AbstractQueue<a>

implements Collection<a>, Serializable { ... }
AbstractLi st<a> Coll ection<a> Serializable Abst ract Queue<a>
Vect or <a> PriorityQueue<a>

Figure 3.4: Multiple maximal lower bounds

In this example Vector<a> as well as PriorityQueue<a> implements both interfaces
Collection<a> and Serializable. This leads to two mazimal lower bounds of Collection<a>
and Serializable, which means that <* forms no semi-lattice.

Furthermore, this is an example that the subtype has more type variables than its supertype.
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We close the section with a lemma, which describe a very important property for the type
unification (section 4.2) of the finite closure.

Lemma 3.17 Let 0 = A(0y,...,0,) and 7 = B(gl17 o ,9'”) be two simple types with
0<*8. Then, there is a pair (0,0") € FC( <) and a substitution o with o(0) = 0 and

/

a(0)=0o(0).

Proof: In the proof two cases must be considered.
Either from definition 3.10 follows that there is a simple types B( 4], ..., 0, ) and a substi-
tution o with (A(aq,...,a,),B(0;,...,0..)) is an element of the reflexive and transitive

»Ym

closure of < with o( A(ay,...,a,)) =0, and o(B(0},...,0,)) = 0. As the reflexive
and transitive closure of < isasubset of FC( < ), it holds (A(ay,...,a,),B(0,...,0.,)) €
FC( < ). But this means that 6§ = A(ay,...,a,) and 8 = B(6;,...,0.,).

Otherwise, there is no B( 6}, ...,0,, ) with (A(ai,...,a, ), B(6;,...,0,,)) in the reflexive

and transitive closure of <, where there is a substitution o with o( A(ay,...,a,)) =0
and o( B(64,...,0.,)) = U(@/ ). In this case follows from definition 3.10, that there are
simple types 71, ..., 7, and a substitution o with

Alay,...,a,) <1 < <7, < B(6Y,...,0.)
and o(A(ay,...,a,)) = 0, and o(B(60,,...,0.)) = &. From this follows by defi-
nition 3.12 that (A(ay,...,a,),B(0},...,0,,)) € FC( < ). But this means that § =
A(ay,...,a,)and 0 = B(0y,...,0..). [
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Chapter 4

Type Unification

In this chapter we consider the type unification problem of Java 5.0 type terms. The type
unification problem is given as: For two type terms 61,0, a substitution is demanded,
such that

U(el)s*ﬂ(ez).

The algorithm solving the type unification problem is an important base of the type
inference algorithm which we will give in the next chapter.

In this chapter we will first give a small overview of similar type unification problems.
In the second section we will give an algorithm for the solution of the type unification
problem. The section is devided in two parts. In the first part we give a solution for type
terms without wildcards. In the section part we give a solution for the whole set of simple
types (including type terms with wildcards).

4.1 Overview

In the last chapter we assert, that the type system of Java 5.0 can be considered as poly-
morphic order-sorted types. Besides our functional language OBJ-P [Plii99a, P1ii99b] in
logical languages TEL [Smo88b, Smo88a, Smo89], PROTOS-L [BBM94, BM94, Bei95], and
the typed logic programs of [HT92] polymorphic order-sorted types are used. The logical
language TEL allows subtype relationships between polymorphic types having different
arities (e.g. List(a) < myLi(a,b)), which means that the subtyping relation contains
infinite chains. In the typed logic programs of [HT92] subtype relationships between
polymorphic types are allowed only between type constructors of the same arity. The
type system of PROTOS-L was derived from TEL by disallowing any explicite subtype
relationship between polymorphic type constructors.

The given type inference algorithms and type unification algorithms, respectively, in
[Smo88a, Smo89] and [HT92] are incomplete. They are even incomplete for the restricted
type system of [Bei95]. In [Bei95] a complete type unification algorithm is given, which
can be extended to the type system of [HT92]. They solved the problem, that there is no
most general unifier, by the calculation of a set of equivalent unifiers, respective a repre-
sentant of the set of most general unifiers. This approach is very similar to our approach
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for the type system of OBJ-P [P1ii99a].

In [Smo88a, Smo89] the type unification problem of TEL without restrictions on the
polymorphic type constructors is mentioned as an open problem.

If we compare the type system of TEL to the Java 5.0 type system, we assert that these
type systems are very similar. The Java 5.0 type system restricted to simple types without
parameter bounds (but including the wildcard constructions) has the same properties
wrt. type unification. The only difference is, that in TEL the number arguments in a
subtype relationship of a supertype type can be greater, whereas in Java 5.0 the number
of arguments of a subtype can be greater. This means that in TEL inifinite chains has a
lower bound and in Java 5.0 an upper bound. Let us consider the following example: In
TEL for List(a) < myLi(a,b) is holds:

List(a) < myLi(a,List(a)) < myLi(a,myLi(a,List(a))) <...
In contrast in Java 5.0 for myLi<b,a> < List<a> it holds:
. <"myLi<myLi<? extends List<a>, a> a> <"myLi<? extends List<a> a> <"List<a>

The open type unification problem of [Smo88a, Smo89) is caused by the infinite chains. We
will give a solution for the open problem. First, we restrict in section 4.2.1 the simple types
to type terms without wildcards. This means that there are no infinite chain, following
from the soundness condition of definition 3.8. We give a type unification algorithm
for the restricted set of simple types. In this approach we do not consider equivalence
classes of unifiers, as in [Bei95] and [P1i99a]. This means that there is sometimes no most
general unifier. There are more than one general unifier. The type unification problem is
not longer unitary, but finitary. Then, in section 4.2.2 we extend this algorithm to simple
types with wildcards. This means that we will solve the open problem of [Smo88a, Smo89].
We will prove that the type unification problem for simple types with wildcards is also
finitary.

Our type unification algorithm bases on the algorithm of Herbrand [Her30] and A. Martelli
and U. Montanari [MM76, MM82]! solving the original untyped unification problem.
There is another unification algorithm in [Rob65] solving also the untyped unification
problem. This algorithm is the base of the ml type inference algorithm [Mil78, DM82].
In [BSO1] the unification theory is presented comprehensively.

In general unification algorithms are the base of logical programming languages. The
original unification is the base of untyped logical programming languages as PROLOG [?].
For logical languages with an (non-polymorphic) order-sorted type system the order-sorted
unification [SS89, MGS89, SNGM89, Wal90] is the base. A further extended polymorphic
order-sorted type system has the polymorphic order-sorted unification as its base. The
polymorphic order-sorted unification algorithms needs a type unification algorithm 777
for the type inference of logical variables 777 instead of a simple infimum function as
in the non-polymorphic case. Therefore the type unification problem is considered in
[Smo88a, Smo89], [HT92], and [Bei95].

In the unification overview article [Sie89] Siekmann said that Martelli and Montanari rediscovered
the original unification algorithm of Herbrand.
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4.2 Type unification algorithm

We give an algorithm which determines a substitution o for two type terms 6y, 0y with
o(01)<*a(6y).

We call this the type unification problem.

We divide the consideration of the type unification in two parts. First we consider only
simple types without wildcards. Then also simple types with wildcards are considered.
The following definition gives the subset of simple types without wildcards.

Definition 4.1 (Type terms without wildcards) Let TS = (STypers(BTV'), TC)
be a type signature. The set of type terms without wildcards Tre( BTV') over TS is
given as the smallest set with the following conditions:

1. For each type ty BTV ™) C Tro( BTV )
2. TCO C Tre( BTV )
3. For C' € TC @l anlon) it holds
C<o(ay),...,o(a,)> € Trc(BTV)
if for the substitution o holds o(a;) <*o(ty;) for all 1<i<n.

In the following, Tre( BTV ) denotes a set of type terms without wildcards, STypers( BTV')
denotes a set of simple types (definition 3.8), < denotes an extends relation (definition
3.9), <* the corresponding subtyping relation (definition 3.10), and FC( <) its finite
closure (definition 3.12).

Definition 4.2 (Type unifier) Given type terms 61,60y € STypers( BTV ') and a sub-
stitution o with o(6; ) <*o(6,), o is called a type unifier.

Definition 4.3 (General type unifier) Given type terms 6,05 € STypers( BTV ) and
a type unifier 0. o is called general type unifier if there is no type unifier ¢/ and no
substitution ¢” such that o = ¢” o o’

In the following we present algorithms, which compute general type unifiers. The algo-
rithms unify a set of equations Eq = {0, <0i,...,0, <0, } where 0;,0; are simple types,
and 6 < 0" means, that the two type terms should be unified, such that o(6)<*o(6").
During the unification algorithms < is replaced by =, where 6 = ¢’ means that the two
type terms should be unified, such that o(6) = o(6").

Our type unification algorithms are based on the unification algorithm of Martelli and
Montanari [MM76, MMS82]. The main difference is, that in the original unification a
unifier is demanded, such that (6, ) = o(6s). This means that a pair a = 6 determines
that the unifier substitutes a by the term 6. In contrast a pair a <6 respectively # <a leads
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to multiple correct substitutions. All types smaller than 6 and greater than 6 respectively
are correct substitutions for a. This means that there are multiple unifiers.

The next definition gives a form of the set of equations for the end configuration of the
algorithms.

Definition 4.4 (Solved form) A set of equations Eq is in solved form, if
Eq:{aliglw'-aanien}

where ay,...,a, € TV are pairwise different variables, 6, ...,6, € STypers( BTV ), and

foralli,j € {1,...,n} a; & TVar(6;) holds.

4.2.1 Type Unification without Wildcards

Now, we give the type unification algorithm for type terms without wildcards. This algo-
rithm is extended in the next section to the type unification algorithm, which computes
type unifiers for all simple types (including simple types with wildcards).

Algorithm 4.5 The type unification algorithm TUnify .. is given as follows

Precondition: 6;,0; € Trc( BTV) for 1<i<n.
Output: Set of all general type unifiers Uni= {oy,...,0m, }

Postcondition: For all 1 < i < n and for all 1 < j < m holds (0;(0;) <*0;(6))) €
Tro( BTV ) x Tre( BTV)

The algorithm itself is given in seven steps:
1. Equ={0<0"|(0<@)c EqN(0,0 ¢TV)V (0,0 €TV))}
2. Eq, = Eq\Eq

3. EQSet =

(B} x( @ {a=0(8)](#<"8)cFC(<).0=Unify(¢.8)})(41)
(a<c0’)EEq:
x( Q) {az0|6<0)) (4.2)
(0<a)€Eq:

4. Repeated application of the rules reducel, reduce2, erase, swap, and adapt of figure
4.1 to all elements of Eqs;. The end configuration Eq., is reached if for each
element no rule is applicable.

NOCHMALS UE-
BREPRUEFEN
FC INSBESON-
DERE VARI-
ABLENBEN-
NENNUNG BY
o ABER AUCH
UEBERALL
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EquU{C<b,,...,0,><D<0},...,00>}
(reducel) EqU{Gﬂ.(l) i&i,....ﬂ,,(n) :9;1}
where
e C<a17 cap> <7 D<a7r(1)7 oy Or(n)>

e {a,...,a, } CTV

e 7 is a permutation

EqU{C<by,....0,>=C<0;,....0,>}

(reduce2) I T T U
(erase) W 0—0

(swap) % 0gTV, acTV
(adapt) EqU {D<b,...,0,><D'<#, ....6 >}

Equ{D<0,,...,0, >[a;— 6; | 1<i<n] <D'<8),....0,>}
where there are 5/1, .. 751" with

o (D<ay,...,a,><*D'<,,....0,>) € FC( <)

»Ym

Figure 4.1: Java 5.0 type unification

5. Application of the following subst rule

EqUu{a=0}
Eqla—0lU{a=0}

a occurs in F¢ but not in ¢

to each element of E¢' € Eq,,, as often as possible. The result is Eq”,,.
6. (a) Foreach Eq" € Fq!, which has changed in the last step start again with the
first step.
(b) Build the union EqJ, of all results of (a) and Eq” € Eq,, which has not

set
changed in the last step.
7. Uni={ Eq" | Eq" € Eq., is in solved form }

set

The result is then a set of unifiers

{017”'70%};
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where for each Eq; € Uniholds o, ={a—0|a=0}.

In the following we explain the algorithm. The algorithm takes a set of type term pairs
and delivers a set of general type unifiers. The precondition and the postcondition assures
that the constraints which are given by bounded class parameters are maintained.

The explaination of the algorithm itself we do by the explaination of the changes in
comparison to the original algorithm [MM76, MM82]. The main difference is that our
type unification problem is not unitary, which means that there are more than one general
unifier. This follows from pairs a < 6 respectively 6 < a, where a is a type variable.
The existence of these pairs means that a can be substituted by all type terms smaller
respectively greater than 6. Each of these types generates an own general unifier. These
generations are done in the steps one, two, and three of the algorithm. After that the
known rules of the original unification algorithm are applied. These rules are changed in
a few positions:

reducel rule: The reducel rule follows from the construction of <* where from
C(ah . . ~7an)§D(a7r(1)7 .. ~7a7r(n))

follows C(0y,...,0,)<*D(0},...,0;) only if 0;) = 0 for 1 <i<n. The reducel

rule replaces the demands that type terms are smaller (<) to demands that they
are equal (=).

reduce2 rule: The reduce? rule follows directly from the original algorithm. This rule
is applied to the subterms after an application of the reducel rule.

erase rule: The erase rule is unchanged.

swap rule: The swap rule is unchanged.

adapt rule: The adapt rule is necessary to handle extends relationships defined by
class C<ayq,...,a,> extends D<Di<...> ..., D,<...>>.

The rule adapt reduces type terms which are built by class declarations like this.
This reduction is done in two steps. First a pattern in the finite closure is searched,
which matches the given pair. From lemma 3.17 follows, that such a pattern exists,
if the unification will not fail. Then, the smaller type of the given pair is replaced by
a type term, where in the greater type of the pattern, the arguments of the smaller
type are instatiated. Finally, the reduction is done by the reduce2 rule.

The algorithm which is given if we disclaim the adapt rule solves the type unification
problem for extends relations < which satisfy the following condition: If A; < As
then the type term A is of the form C'(ay, ..., a, ) and the type term Ay of the form
Co(an(1ys - an(ny) for type variables {ay,...,a,}. m:{1,....n} = {1,...,n}
is a permutation.
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subst rule: The subst rule is separated from step four of the original algorithm. This is
done, as there are pairs of type terms a <* b, where a and b are type variables. If a
or b is substituted, step one respectively step two and three must be applied, which
is done by step six (a).

Step six (b) summarizes the different sets of type term pairs. Step seven finally filters the
type term pairs, which are is solved form. This means, that they builds type unfiers.

Now, we give five examples for the algorithm. The first one shows how more than one
unifier is generated.

Example 4.6 We extend the type signature and the subtyping relation of example 3.1/,
such that for T'S = (STypeqs( BTV ), TC') holds:
TCO = { Integer, Object }, TCle) = { Vector, Stack, AbstractList, List },
TC(ala ble) — {Pair},

Integer <O0Object,

and
Stack<a> <Vector<a> < AbstractList<a> <List<a>.

Now, we apply the unification algorithm to

Eq =
{a < Vector<Integer>,
AbstractList<Object> < b,
AbstractList<Pair<Stack<Integer>, d>>
< List<Pair<c,List<Integer>>>,
c < d}

In the first two steps the set of type term pairs are separated. The result of the first step
are type type term pairs, where either both type terms are type variables or both type terms
are no type variables.

Eq =
{ AbstractList<Pair<Stack<Integer>,d>>
< List<Pair<c,List<Integer>>>,
c < d}

The result of the second step is:

Eq; = {a < Vector<Integer>,
AbstractList<Object> < b}

In the third step all types which can be mapped to these type variables are determined and
the other pairs are added to each of these elements:
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Eq,set =
{{AbstractList<Pair<Stack<Integer>,d>>
< List<Pair<c,List<Integer>>>,
c < d}
U { b = AbstractList<Object> a = Vector<Integer>},
{ AbstractList<Pair<Stack<Integer>, d>>
< List<Pair<c,List<Integer>>>,
c < d}
U {b=List<0Object> a = Vector<Integer>},
{ AbstractList<Pair<Stack<Integer>,d>>
< List<Pair<c,List<Integer>>>,
c < d}
U { b = AbstractList<Object> a = Stack<Integer>},
{ AbstractList<Pair<Stack<Integer>,d>>
< List<Pair<c,List<Integer>>>,
c < d}
U {b=List<Object> a = Stack<Integer>}}

In the fourth step the rules of fig. 4.1 are applied to the elements of Eqse;. The result is

Eqd.,, = {{c = Stack<Integer>,d = List<Integer> c¢ < d,

b = AbstractList<Object> a = Vector<Integer>},
{ ¢ = Stack<Integer>d = List<Integer> c < d,

b = List<Object> a = Vector<Integer> },
{ ¢ = Stack<Integer> d = List<Integer> c < d,

b = AbstractList<Object> a = Stack<Integer>},
{ ¢ = Stack<Integer> d = List<Integer> c < d,

b = List<Object> a = Stack<Integer>}}

In the fifth step the subst rule is applied:

Eq!, = {{c = Stack<Integer>,d = List<Integer>,
Stack<Integer> < List<Integer>,
b = AbstractList<Object> a = Vector<Integer>},
{ ¢ = Stack<Integer>,d = List<Integer>,
Stack<Integer> < List<Integer>,
b = List<Object> a = Vector<Integer> },
{ ¢ = Stack<Integer>d = List<Integer>,
Stack<Integer> < List<Integer>,
b = AbstractList<Object> a = Stack<Integer>},
{ ¢ = Stack<Integer>,d = List<Integer>,
Stack<Integer> < List<Integer>,
b = List<Object> a = Stack<Integer>}}

The sixzth step is divided in (a) and (b):
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(a): The algorithm is applied again to the elements of Eq’,. In the first three steps
nothing is changed, as Fqo is empty.

In step four Stack<Integer> < List<Integer> is reduced and finally erased.

(b): This leads to the result

Eq”, = {{c = Stack<Integer>,d = List<Integer>,

b = AbstractList<Object> a = Vector<Integer>},
{ ¢ = Stack<Integer>,d = List<Integer>,

b = List<Object>, a = Vector<Integer>},
{ ¢ = Stack<Integer>,d = List<Integer>,

b = AbstractList<Object> a = Stack<Integer>},
{ ¢ = Stack<Integer>,d = List<Integer>,

b= List<Object> a = Stack<Integer>}}

In the seventh step nothing is changed, such that the result are four general unifiers:

{{ a+> Vector<Integer>, b — AbstractList<Object>,

c — Stack<Integer>,d — List<Integer> },

{ ar> Vector<Integer>, b +— List<Object>,
c — Stack<Integer>,d — List<Integer> },

{ a+> Stack<Integer>, b+ AbstractList<Object>,
c — Stack<Integer>,d — List<Integer>},

{ a > Stack<Integer>, b+ List<Object>,
c — Stack<Integer>,d — List<Integer>} }

In the following the present an example, where the recursive application of the algorithm
generates new general unifiers.

Example 4.7 Let the subtyping ordering be the same as in example 4.6. Only the set of
equations is changed:

FEq =
{a < Vector<Integer>,
List<Object> < b,
List<Pair<AbstractList<Integer> d>> < List<Pair<c,List<Integer>>>,
c < e}

As in List<Object> < b the Abstractlist is changed to List in comparison to the
above example, Eqge is a set of two pairs:

Eqser =
{{List<Pair<AbstractList<Integer>,d>> < List<Pair<c,List<Integer>>>,
c < e}
U {b=List<Object> a = Stack<Integer>},
{List<Pair<AbstractList<Integer> d>> < List<Pair<c,List<Integer>>>,
c < e}
U {b =List<Object> a = Vector<Integer>}}
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Then in the fourth step the application of the rules of fig. 4.1 leads to:

Ed.,, = {{c = AbstractList<Integer> d = List<Integer> c < e,
b = List<Object> a = Stack<Integer>},
{c = AbstractList<Integer> d = List<Integer>,c < e,
b = List<Object> a = Vector<Integer>}}

In the fifth step the subst rule is applied. Now the variable e is not substituted.

Eq!,, = {{c = AbstractList<Integer>d = List<Integer>,
AbstractList<Integer> < e,
b = List<Object> a = Stack<Integer>},
{c = AbstractList<Integer> d = List<Integer>,
AbstractList<Integer> < e,
b = List<Object> a = Vector<Integer>}}

Then in part (a) of the sixth step the pair

AbstractList<Integer> < e

1"
set

generates for each element of EqZ,, two new elements.

This means that in step (b) these four elements are united to the set of type term pairs
Eq/// R

set

Eq”, = {{c = AbstractList<Integer>d = List<Integer>,

e = AbstractList<Integer>,
b = List<Object> a = Stack<Integer>},

{c = AbstractList<Integer> d = List<Integer>,
e = List<Integer>,
b = List<Object> a = Stack<Integer>},

{ ¢ = AbstractList<Integer> d = List<Integer>,
e = AbstractList<Integer>,
b = List<Object> a = Vector<Integer>},

{ ¢ = AbstractList<Integer> d = List<Integer>,
e = List<Integer>,
b = List<Object> a = Vector<Integer>}}
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The result is then

{{a+ Stack<Integer> b List<Object>,

c — AbstractList<Integer>,

d — List<Integer>, e — AbstractList<Integer>},
{a— Stack<Integer> b+ List<Object>,

c — AbstractList<Integer>,

d +— List<Integer>, e +— List<Integer> },
{a+> Vector<Integer> b — List<Object>,

c — AbstractList<Integer>,

d — List<Integer>, e — AbstractList<Integer>},
{ar Vector<Integer> b+ List<Object>,

c — AbstractList<Integer>,

d — List<Integer>, e — List<Integer>}}

Both examples do not use the adapt rule. We give another examples, which show, how
the adapt rule works.

Example 4.8 Now, we consider again a part of the type signature from example 3.15.
Let the TS = (STypers( BTV ), TC) be given as

TCV = {Object }, TC“@*) = { Vector,Matrix, List }

and
Matrix<a> < Vector<Vector<a>>.

Now, we apply the unification algorithm to
Eq = {Matrix<List<b>> < Vector<Vector<List<Object>>>}

In the first three steps nothing happens. If we consider in the fourth step the rules of
fig. 4.1, we see that neither the erase, nore the swap rule is applicable.

The reducel rule is also not applicable, as there is no relationship Matrix<a> < Vector<a>.

Now the adapt rule is necessary.
As
(Matrix<a> <*Vector<Vector<a>>) € FC( <)

from
Eq = {Matrix<List<b>> < Vector<Vector<List<Object>>>}

follows by the adapt rule:
Eqser = { { Vector<Vector<List<b>>> = Vector<Vector<List<Object>>>} }.
Then the reduce2 rule leads finally to the result:

{{b+ Object }}
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A further example is an example for type terms with F-bounded parameters.

Example 4.9 For this example we refine the example from section 2.1.3. The class
ReprChange is divided in class where only the element is set and in a subclass, where
additionally the element can be got in the other representation.

interface ConvertibleTo<a> {
a convert();

}

class ReprChange<a extends ConvertibleTo<b>,
b extends ConvertibleTo<a>> {

a element;

void set(b x) { element = x.convert(); }

}

class ReprChangeBack<a extends ConvertibleTo<b>,
b extends ConvertibleTo<a>> extends ReprChange<a, b> {

b get() { return element.convert(); }

}

class INT implements ConvertibleTo<FLOAT> { ...}
class FLOAT implements ConvertibleTo<INT> { ...}

WEITERES BEISPIEL IN (Types-GJAVA /translation.tex am Schluss).
The type signature T'S = (STypers( BT'V'), TC') is then given as

7C0 = {0Object, INT,FLOAT }
TC @le) = {ConvertibleTo }
T C/(@lconvertivietocs> blconvertivieTocas) — — {Reprchange7 ReprChangeBack}
and ACHTUNG:  Bei
beschraenkte
Parametern  darf
INT < ConvertibleTo<FLOAT>, P ';:{;T;Z}
FLOAT < ConvertibleTo<INT>, werden

ReprChangeBack<a, b> < ReprChange<a, b>

Now, we apply the unification algorithm to

Eq = {ReprChangeBack<INT,b> < ReprChange<c,FLOAT>}

The precondition is maintained as both type terms are elements of Tro( BTV ).
In the first three steps nothing happens. In the fourth step the reducel rule is applied.
With the swap rule follows then
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Eq.,, = {{c=INT,b=FLOAT } }

I

In the fifth and sizth step nothing happens, this means Eq!, = Eq... The only element

of EqY, is in solved form and the postcondition is maintained, as

(ReprChangeBack<INT, FLOAT> <* ReprChange<INT,FLOAT>) € T ( BTV )X Trc( BTV ).

This means that it holds Uni = Eq?, and the result is:
{{c+ INT,b+> FLOAT}}

The last example, which we will present is an example, where interfaces are used.
Example 4.10 We define a simple abstract subtyping ordering by the following program:

interface A { ...}

interface B { ...}

class C implements A, B { ...}

class D implements A, B { ...}
The corresponding type signature T'S = (STypers( BTV'), TC) is given as:

TCU = {A,B,C,D}
and the extends relation given as:
C<A D<A C<B,D<B

In figure 4.2 the subtyping ordering is shown grafically.

A B

<

C D

Figure 4.2: Interface subtyping ordering

Now, we apply the unification algorithm to
Eq={a<Aa<B}
In the first step nothing happens. The result of the second step is

Eg={a<Aa<B}
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In the third step all types which can be mapped to these type variables are determined:

Eqse: ={{a=A4,a=B},

{a=C,a=B},
{a=D,a=B},
{a=Aa=C},
{a=C,a=C},
{a=D,a=C},
{a=Aa=D},
{a=C,a=D},

{a=D,a=D}}
In the fourth step nothing happens. In the fifth step the subst is applied multiply:

gl = {{a=AA=B},

set

{a=cC,c=B},
{a=DD=B},
{a=AA=C}
{a=cc=cC},
{a=D,D=C},
{a=AA=D},
{a=C,C=D},

{a=D,D=D}}

In the sizth step the algorithm is applied again to each element of Eql,,. Only {a=C,C =
C} and {a=D,D=D} are changed. The erase rule erases in step four C=C and D =D,
respectively.

In the seventh step all sets, which are in solved form, are filtered. Only {a = C} and
{a=D} are in solved form, such that the result is:

{{a—cC}{aD}}.

Theorem 4.11 The type unification algorithm determines all general type unifiers for a
given set of type term pairs. This means that the algorithm is sound and complete.

The type unification problem is solved by algorithm 4.5. This means that the algorithm
4.5 is sound and complete.

Proof: AUF F-BOUNDED PARAMETERS UND INTERFACES NOCHMALS CHECKEN

We do the proof in two steps: First we prove the soundness and then the completeness.

Soundness

We take a substitution which is the result of the algorithm. Then we show that this sub-
stitution is a unifier of the algorithm input. We do this by proofs for each transformation,
that if a substitution is a unifier of the result of the transformation then the substitution
is also a unifier of the input of the transformation.
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Let
o={ar—0,....,a,—0,}

be a result of the algorithm. Then
Eq={a1=01,...,a, =0,}

is one element of the result of step seven. It is obvious, that o is a unifier of elem.
Now we prove the soundness for each transformation starting by step seven.

Step seven: As there are only the pairs of type terms, which are in solved form, filtered,
the set of pairs of type terms Eq, which generates the unifier, is unchanged. But
this means that ¢ is NARH WIE VOR a general unifier.

Step six: In step six only different sets of pairs of type terms are united, which are
generated by the steps four and five. This means also that the unifier is unchanged.

Step five: In step five a is subsituted by 6 if (a = 6) € Eq. From this follows, that we
have to prove: If o is a general unifier of Eq[a — 6] then o is also general unifier of
Eq. Asar o(0) is an element of o, o is also an unifier of Eq.

Step four: The soundness of the reduce2, erase, and swap rules are obvious.

reducel rule: If o is a general unifier of {6, = ¢/ ) | 1 <i<n} then it is to
prove that o is also a general unifier of { C(61,...,0, ) <D(0, 1y,....00,)) }
if C(ar,....an) <" D(ar(1ys---,ar(n) ), Where ay,. .., a, are type variables.
This follows direct from the construction of type terms (def. 3.10).

adapt rule: If o is a general unifier of

—/

D(0,,....0,)a;— 6; | 1<i<n]=D'(8,,....60.),

—/

where for type variables ai, ..., a, it holds (D(ay,...,a, ) <* D’(@l17 o 0,)),

it is to prove that o is also a general unifier of

D(6y,....0,) <D0, ....0,).

»Ym

This follows also direct from the construction of type terms (def. 3.10).

Step three: It is to prove, if o is a general unifier of {7(1 = 6} then o is also a general
unifier of {a < @'} and of {# < a} for § <* 6" and 0 <* 6, respectively.

As it holds o(0) <*o(¢") and () <* (0, o is also a general unifier of {a <6}
and of {6 < a }, respectively.

Step one and two: In the first two steps the pairs are only filtered. This means that the
pairs are unchanged. From this follows that the general unifier is also unchanged.
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We have proved for all transformations that if a substitution is a general unifier of the
transformations’s result the same substitution is also a general unifier of the transforma-
tions’s input. This means that the algorithm is sound.

Completeness

For the completeness we have to prove that if there is a unifier of a set of type term pairs
then this unifier is also determined by the algorithm. We prove this, by showing for each
transformation of the algorithm, that if a substitution is a general unifier of a set of type
terms before the transformation is done, then the substitution is also a general unifer of
at least one set of type term pairs after the transformation.

Step one, two, and three: The pairs of type terms, which are filtered in step one are
unchanged in step three, such these pairs are not needed to be considered.

We consider the type term pairs, which are filtered in step 2:

Let o be a general unifer of {a < D<6y,...,60,>}. It is to prove, that there is one
set Eqg e {{a=0]0<*"D<by,...,0,>}}, where o is a general unifier.

From definition 3.10 follows, that there is a type term C<0,...,0,,> with
C<0y,...,0,><*D<0y,...,0,>and o(a) = C<o(0,),...,0(0,)>,
where { C<0y,...,0,,>} € Eq and o is its general unifier.

Step four: It is obvious that the application of the erase and the swap rule obtain all
unifier.

As it holds o( D<#y,...,0,>) = D<o(b;),...,0(0,)> the transformations by the
rules reducel, reduce?2, and adapt obtain also all unifiers.

Step five: If o is general unifier of {a = 6} U Eq, it is to prove that o is also a general
unifier of Fqla — 6.

From the property that [a +— o(6)] is an element of the general unifier o follows
that for any type term 6 it holds o(6) = o(6[a — 0] ). This means that ¢ is also a
general unifier of Eqla — 0.

Step six: As no pair of type terms is transformed, nothing is to be considered.

Step seven: In step seven the pairs of type terms which are in solved form are filtered.
All other sets of pairs of type terms have no unifier, thus all general unifiers are
obtained.

We have proved for all transformations of the algorithm that a general unifier of the
transformation’s input is also a general unifier of the transformation’s output.

As for a general unifier 0 = [a; — 6; | 1<i<n] of a set of type term pairs Eq, which are
in solved form, it holds Eq = {a; = 0; | 1<i<n }, the general unifier ¢ is determined by
the algorithm.

Summerized, this means, that the algorithm is complete. ]
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4.2.2 Type Unification with Wildcards

Now we will extend our algorithm to simple types with wildcards. The main problem
is, that there are inifinite chains in the subtyping orderings. Therefore it is not obvious,
if the type unification problem is solvable respectively, if it is finitary. Finitary means
that the number of general unifiers for two given simple types is finite. As said before in
[Smo88a, Smo89] this is denoted as an open problem.

We will solve this problem and will show that all elements of the inifinit chains are
instances of one element. This means that the unifier, which map this a element to a type
variable is a general unifier.

In the following we will use 760 as an abbreviation for the type term “? extends 6”.

Before presenting the algorithm we have to give some auxillary definitions.

Auxiliary definitions

The first function smallerFC determines all smaller types, which can be derived from
the finite closure. This means that infinite chains (cp. example 3.15) are not built.
Additionally a substitution is determined. This is necessary as class declarations of the
form class E<a,b> extends D<B<a>,b> are allowed. In example 4.14 we will see, how
the substitution is used.

Definition 4.12 (smallerFC) Let 0 € STypers(BTV') be a simpletype.  Then
smallerFC(0') =

{(o(fresh(8)),0) | (0 g*@l) € FC( <), 0 € smallerSubst( Unify(#, fresh(8)))}
where

smallerSubst(c ) =
Q) {(la+ 0] U o), ([a— 0] U o) | (6,0') € smallerFC(0) }
(a—-0)ec
x @{la— 63,
(a—0)eo
Unify is the usual unification of terms, and fresh(0) determines fresh type variables in the
type term 0.

Remark For each sub-term 6; of a type term ¢’ the function smallerFC(¢") determines
all elements ¢; of the finite closure, such that forall subtypes 6; of 6] there is a substitution
o with o(0;) = 0; (cp. corollary 7).

The next function smallerFCs is the corresponding function to smallerF'C for the sub-
terms of a type term. In this case, only if the sub-terms starts with “? extends”,

subtypes exists (cp. the subtyping definition 3.10)

Definition 4.13 (smallerFC-) Let ' € STypers(BTV') be a simpletype.  Then
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smallerFC,(0') =

{(0,0),(:0,0) | (0,0) € smallerFC(0)} if ' =-0
{(o(A<ay,...,a,>),0) |

o € smallerSubst([a; — 61,...,a,— 0,])} if 0= A<0,,...,0,>
@, 1) if 0" = const

The following example explains the abstract definitions.

Example 4.14 Let the following Java 5.0 program be given:

class A { ... }

class B<a> extends A { ... }

class D<a,b> { ... }

class E<a,b> extends D<B<a>,b> { ... }

This means that there are infinite chains in <* as
... <" B<B<B<A>>> <* B<B<A>> <F B<A>.

Now we build smallerFC(D<a, -A>). As “A” is a sub-term there is also an infinite chain
... <*smallerFC(D<a, 74> )

smallerFC(D<a, 4> ):
— unl = Unify(D<a, A>,D<aa, bb>) = { aa +> a,bb +— ;A }
— smallerSubst(unl):
— smallerFC(A) = { (4,[]), (B<aa'>,[]) }
— smallerFC(a) = {(a,[]) }
Result of smallerSubst(unl):
{[aa + a,bb > 74] := oy,
[aa — a,bb — A] := 09,
[aa +— a,bb +— ;B<aa’>] := o3,
[aa — a,bb +— B<aa’>] := 0y }
— un2 = Unify(D<a, 7A>,D<B<a”> b'>) = {ar— B<a"”> b + A}
— smallerSubst(un2):
— smallerFC(B<a”>) = { (B<a”>,[]) }
— smallerFC(A) = { (4,[]), (B<a"">,[]) }
Result of smallerSubst(un2):
{[a+ B<a"”>V — 7A] := 03,
[a — B<a">.V + A] := 0,
[(l — B<a”>, b 7B<aN">] = o7,
[a — B<a’”>, b/ — B<a////>] = 0.8}
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Result of smallerFC(D<a, 7A>):
{ (D<a,-A>, 01), (D<a, A>, o), (D<a, sB<aa’>>, 03), (D<a, B<aa'>>, 0y),
(E<a”, 7A>, 05), (E<”, A>, 0¢), (E<a”, ,B<a”’>> o), (E<a” B<a"’'>> og) }
The result contains not all smaller elements of D<a,7A>. There are infinite chains of
smaller elements, which are smaller than the underlined elements. They are not deter-
mined by smallerFC.

If we consider the second line of results, we see that the variable a is disappeared. During
the unification we need variables like this. Therefore, we introduced the substitution o as
a further result of smallerFC. In o the substitution of a is contained.

The next definition <3 is the corresponding definition to <* for sub-terms of type terms.

Definition 4.15 (<j) Let <* be a subtyping relation. Then <j is defined as follows

X<Op,...,0,><5.Y<0),....0 > if X<0,...,0,><*Y<0,,....0 >
2 X<Oy, .., 0,> <5V <00, 00> if X<Op,...,0,><Y<0],...,0,>
X<Op, .00, 0,><37Y<Oy, ., 00>  dif V<O, .., 00> < X<Oy,...,0,>
X<l .., 0,><37Y<O, 00> dif YOy, 00> < X<y, .., 0,>

The type unification algorithm

In this algorithm we unify a set of equations Eq = {0, <01,...,0, <0, } where 0;,0; €
STypers( BTV ), and 6 < 0’ means, that the two type terms should be unified, such that
o(f)<*a(0").

During the unification algorithm < is replaced by <; and =, respectively, where 0 <; 6’
means that the two sub-terms of type terms should be unified, such that o(0) <;o(6")
and @ = 0 means that the two type terms should be unified, such that o(6) = o(6").
The base of our algorithm is the unification algorithm of Herbrand [Her30] and A. Martelli
and U. Montanari [MM76, MM82]. The main extension is, that in the original unification
a unifier is demanded, such that o(6; ) = o( ). This means that a pair a = 6 determines
that the unifier substitutes a by the term 6. In contrast a pair a < € respectively 0 < a
leads to multiple correct substitutions. All type terms smaller than 6 and greater than 6,
respectively, are correct substitutions for a. This means that there are multiple unifiers
and the unification is not unitary.

The type unification succeeds if the result is in solved form.

Definition 4.16 (Solved form) A set of equations Eq is in solved form, if
Eq:{m 5917_”7(1”&9"}

where ay,...,a, € TV are pairwise different variables, 6;,...,6, € STypers( BTV ), and
foralli,j € {1,...,n} a; & TVar(6;) holds.

The type unification algorithm is given as follows

Input: Set of equations Eq = {6, <0,,....0, <0, }
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Precondition: 6,0, € STypers( BTV') for 1<i<n.

Output: Set of all general type unifiers Uni= {oy,...,0m }

Postcondition: For all 1<i<n and for all 1<j<m holds (c;(0;) <*0,(6;)).
The algorithm itself is given in seven steps:

1. Repeated application of the rules reducel, reduce2, reduce3 erasel, erase2, erases,
swap, and adapt of figure 4.4 to all elements of Fq. The end configuration Fq' is
reached if for each element no rule is applicable.

2. Eqy = Subset of pairs, which consists only of type variables.
3. BEqz = Eq\Eq,

4. Eqer ={Eq } x( ® {([a=6] Uo)| (0 0)€ smallerFC(0)})
(a<0’)eEq2
x ( ® {(la=6] Uo) | (0,0) € smallerFC,(¢') })

(a<20")€Eq2

() {la=01]0<0})

(0<a)€Eq

(- Q A{la=0116<30'})

(0 <2 a)eEq

5. Application of the following subst rule

Equ{a=0}
Eqla— 0lU{a=10}

(subst) a occurs in Fq but not in 6

for each a = 6 in each element of Eq € Eqg.. The result is Eq.,,.

6. (a) Foreach Eq' € Eq.., which has changed in the last step start again with the
first step.

b) Build the union Eq”,, of all results of (a) and E¢' € Eq.,, which has not changed
set set
in the last step.

7. Uni={Eq" | Eq" € Eq¢., is in solved form }

set

The result is then a set of unifiers

{01,.‘.70'71},
where for each Fg; € Uniholds o, ={a—0|a=6}.

In the following we explain the algorithm. The main idea of the algorithm is, that for each
general unifier there is one set of type term pairs. A set of type term pairs is multiplied in
step four, as for each pair a <@’ respectively 6 <a, for each 6 with (6, 0) € smallerFC(6")
and for each ¢ with 0 <* 6’ a new set of type term pairs is generated.

The rules of figure 4.4 are applied to each set of type term pairs. These rules are derived
from the original unification algorithm.
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reducel rule: The reducel rule follows from the construction of <* where from
C(a17 e 'van)SD(aﬁ(l)7 e ~)047r(n))

follows C(61,....0,)<*D(0,...,0) ) if and only if 0,(;) <5 0; for 1 <i<n. This is
the reason, why the condition < of the whole type term is changed to the condition
<, of the sub-terms.

reduce2 rule: The reduce2 rule is the corresponding rule to the reducel rule for sub-
terms of type terms.

reduce3 rule: The reduce3 rule follows directly from the original algorithm. This rule
is applied to type term pairs, which are built in step 4 and 5 of the algorithm.

erase rules: The erase rules erase type term pairs, which are in the respective relation-
ship.

swap rule: The swap rule corresponds to the original swap rule.

adapt rule: The adapt rule adapts type term pairs, which are built by class declarations
like
class C<ay,...,a,> extends D<Di<...> ... D, <...>>.

The smaller type is replaced by a type term, which has the same outermost type
name as the greater type. Its sub-term are determined by the finite closure. The
instantiations are maintained.

The subst rule is not applied in the first step. The reason is, that before the subst rule
can be applied, pairs like @ = 6 must be generated. This is done not until step four.

In step six (a) the algorithm is applied again to the changed sets of type term pairs.
Step six (b) summarizes the different sets of type term pairs.

Step seven, finally, filters the type term pairs which are unifiers. This means, that have
to be in solved form.

Now, we give two examples for the algorithm. The first one shows how more than one

unifier is generated.

Example 4.17 In this ezample we use the standard Java 5.0 types like Number, Integer,
Vector, and Stack. It holds Integer < Number and Stack<a> < Vector<a>.
As a start configuration we use

Eq = { Stack<a> < Vector<;Number>, AbstractList<Integer> < List<a>}.
In the first step the reducel rule is applied:
Eq = {a< Number, Integer <, a }

In the second step nothing happens:
qu = (()
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The result of the third step is:
Eq, = Eq

In the fourth step we receive:

Eqst = { {a=;Number,a = Integer },
{'a = ;Number, a = ;Number },
{a = Number, a = Integer },
{ a = Number, a = ;Number },
{a=Integer,a = Integer },
{a = Integer,a = ;Number },
{a = Integer,a = Integer },
{a = Integer, a = ;Number } }

In the fifth step the rule subst is applied:

Eqset = { { Integer = ;Number, a = Integer },
{ sNumber = ;Number, a = ;Number },
{ Integer = Number, a = Integer },
{ sNumber = Number, a = ;Number },
{Integer = ;Integer,a = Integer },
{ sNumber = ;Integer, a = ;Number },
{ Integer = Integer,a = Integer },
{ sNumber = Integer,a = ;Number } }

Now we have the continue with the first step (step siz (a)). With the application of the
erase3 rule and step 7, we get

Uni = {{a = ;Number }, { a = Integer } }

The other sets of type term pairs are not in solved form.
This means that there are two unifiers { a — ;Number } and { a — Integer }.

In this example the subtyping ordering contains no infinite chains. We give another
example, which shows, how the algorithm determines unifiers, if there are infinite chains.

Example 4.18 Let the following Java 5.0 program be given:

class A { ... }
class B<a> extends A { ... }
This means that there is an infinite chain in the ordering <*:
... <¥B<B<B<7A>>> <* BKB<,A>> <* B<yA>.
Let the the following start configuration be given:

Eq = {B<a> < B<B<B<B<;A>>>> a < B<A> }.
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After the fourth step we receive:

Eqset = {{a = B<B<B<yA>>>, a = B<A> }
{a = B<B<B<B<d@/>>>> a = B<;A> }
{ a = B<B<B<;A>>> a = B<B<d">>}
{ @ = B<B<B<B<d/>>>> a = B<B<d’>>} }

With the fifth step we get

Eq.,, = {{a = B<B<B<;A>>> B<B<B<;A>>> = B<A> }
{ @ = B<KB<B<B<d/>>>> B<B<B<B<d/>>>> = B<;A> }
{ @ = B<B<B<;A>>> B<B<B<;A>>> = B<B<d'>> }
{ @ = B<KB<B<B<d/>>>> B<B<B<B<d/>>>> = B<B<d’>> } }

Now we have the continue with the first step (step siz (a)). With the application of the
reduce3 and the swap rule, we get

{{ @ = B<B<B<;A>>> B<B<;A>> = ,4}
{ @ = B<B<B<B<a/>>>> B<B<B<a>>> =74}
{ @ = B<B<B<;A>>> a’ = B<,A> }
{ @ = B<B<B<B<d'>>>>, d’ = B<B<d>>}}

As the first two set of type term pairs are not in solved form, this means that the set of
unifier is given as:

{{ @+ B<B<B<;A>>>}, { a > B<B<B<B<d>>>>} }.

This example shows how a < B<;A> is solved by a general type unifier, although there is
an infinite chain. All unifiers smaller than B<B<B<;A>>> respective B<XB<B<B<a/>>>> are
instances of themselves.

The following theorem shows, that the type unification problem is solved by the type

unification algorithm.

Theorem 4.19 The type unification algorithm determines all general type unifiers for a
given set of type term pairs. This means that the algorithm is sound and complete.

Now we give a sketch of the proof.

Soundness

For the proof of the soundness, we take a substitution which is a result of the algorithm.
Then we show that this substitution is a general unifier of the algorithm input. We do this
by proving for each transformation, that if the substitution is a unifier of the result of the
transformation then the substitution is also a unifier of the input of the transformation.
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Completeness

For the completeness we prove that if there is a general unifier of a set of type term pairs
then this unifier is also determined by the algorithm. We prove this, by showing for each
transformation of the algorithm, that if a substitution is the unifier of a set of type terms
before the transformation is done, then the substitution is also a unifier of at least one
set of type term pairs after the transformation.

Corollary 4.20 (Finitary) The type unification of Java 5.0 type terms with wildcards is
Sfinitary.

The first function smallerFC determines all smaller types, which can be be derived from
the finite closure. This means that infinite chains (cp. example 3.15) are not built.

Definition 4.21 (smallerFC) Let ¢ € STypers(BTV) be a simpletype.  Then

smallerFC(¢') =
{o(0) | (#<*F) € FC( < ),0 € smallerSubst( Unify(#', fresh(7))) }
where

smallerSubst( o) :®{ ar+0,a 0|0 csmallerFC(6)} x ®{ a— 0}

(a—70)€a (a—0)ec

and fresh(0) determines arbitrary fresh type variables in the type term 0.

Remark For each sub-term 6] of a type term ¢’ the function smallerFC( ") determines
all elements 6; of the finite closure, such that forall subtypes 6; of #] there is a substitution
o with o(0;) = 0; (cp. corollary ?7).

The next function smallerFC; is the corresponding function to smallerFC for the sub-
terms of a type term. In this case, only if the sub-terms starts with “? extends”,
subtypes exists (cp. the subtyping definition 3.10)

Definition 4.22 (smallerFC-) Let ' € STypers(BTV) be a simpletype.  Then
smallerFC;(¢') =

{0,-0 | 0 € smallerFC(0)} if 0" =0
{o(A<ay,...,a,>) |

o € smallerSubst([a; — 61,...,a,— 0,])} if 0= A<0,,...,0,>
o if ' = const

The following example explains the abstract definitions.

Example 4.23 Let the following Java 5.0 programm be given:
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t
t

class A { ... }

class B<a> extends A { ... }

class C<a> extends B<a> { ... }

class D<a,b> { ... }

class E<a,b> extends D<B<a>,b> { ... }

This means that there is infinite chain in the ordering <*:
... <" B<B<B<A>>> <* B<B<A>> <F B<A>.

In [Smo89] the problem is, that it is not obvious how to solve an equation a < B<;A>. The
solution that it is sufficient to consider the smaller elements in the finite closure with new
variables. As all smaller elements are substitutes from these smaller elements in the finite
closure, the continuing of the unification algorithmus determines the correct substitution.
Now we build smallerFC(B<;B<;D<a, 7A>>>):

— unl := Unify( B<;B<;D<a, ,A>>> B<a'>) = {a/ — 7B<;D<a, ,A>> }
— smallerSubst(unl) :
— smallerFC( B<;D<a, ;A>> ):
— un2 = Unify(B<;D<a, yA>> B<a’>) = {a” — ,D<a, A> }
— smallerSubst(un2):
— smallerFC(D<a, ,A>):
— un3 = Unify(D<a, ,A>,D<aa,bb>) = {aa > a,bb +— 7A }
— smallerSubst(un3):
— smallerFC(A) = { A,B<aa’>}
— smallerFC(a) ={a}
Result of smallerSubst(un3):
{[aa + a,bb — 74|, [aa — a,bb > 4],
[aa + a, bb — ;B<aa’>], [aa + a,bb — B<aa’>] }
— un4 = Unify(D<a, 7A>,D<B<a”> b/>) = {a > B<a”> b +— A}
— smallerSubst(un4 ):
— smallerFC(B<a”>) = {B<a”’>}
— smallerFC(A) = { A, B<a”">}2
Result of smallerSubst(un4 ):
{[a + B<a”> ' + A, [a — B<a”> 1 + A,
[a — B<a/”>) b/ — ?B(a””>]7 [a — B<a///>7 bl — B<a////>] }
Result of smallerFC(D<a, 74> ):
{D<a, 7A> D<a, A>, D<a, ;B<aa’>> D<a, B<aa'>>,
E<a///7 ‘7A>7 E<a///7 A>7 E<a/”7 ?B<a/”[>>7 E<a”l7 B<all//>> }

2 At this position not all small types are built.
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Result of smallerSubst(un2):
{[a” +> D<a,-A>|,[2" > +D<a,,A>], [a" +— D<a, A>], [2" — ;D<a, A>],
[a” — D<a,;B<aa’>>], [a"” — ;D<a,;B<aa’>>], [a” — D<a, B<aa’>>],
[a” +— 7D<a,B<aa’>>], [a" — E<a”, ,A>], [a" — ,E<a” ,A>],
[a// — E<a///7 A>]7 [a// — '{E<a///7 A>]7 [a// — E:<a//l7 ?B<a”“>>],
[a// — ?E<al”, ’_7B<a////>>]7 [a// — E<al”, B<a////>>]7
[a// — 7E<a///7 B<a////>>} }
Result of smallerFC(B<;D<a, 7A>> ):
{B<D<a, ;A>>, B<;D<a, A>> B<D<a, A>>, B<;D<a, A>>,
B<D<a, ;B<aa’>>> B<;D<a, ;B<aa’>>> B<D<a, B<aa/>>>,
B<;D<a, B<aa’>>> B<E<a’” ;A>> B<;E<a’” 7A>>,
B<E<a” A>> B<;E<a” A>> B<E<a"”, ,B<a”’>>>,
B<7E|.<a///7 ‘]B<al”/>>>7 B<E<all/7 B<allll>>>7
B<7E"<a///7 B<a////>>>}
Result of smallerSubst(unl):

{[a > B<D<a,,A>>], [a' > ;B<D<a, 7A>>], [a' — B<;D<a, 7A>>], [a' > ;B<;D<a, ;A>>],
[a’ — B<D<a, A>>], [a' — ;B<D<a, A>>], [a' — B<;D<a, A>>], [a' — ;B<;D<a, A>>],
[a’ — B<D<a, ;B<aa’>>>], [a’ + ;B<D<a, ;B<aa’>>>], [a’ + B<;D<a, ;B<aa’>>>],
[a’ — 9B<sD<a, sB<aa’>>>|, [a’ + B<D<a, B<aa'>>>|, [a’ — ;B<D<a, B<aa’>>>|,
[a’ — B<;D<a,B<aa’>>>], [a' — ;B<;D<a, B<aa'>>>|, [a’ — B<E<a"”, ,A>>],

[a’ — 7B<E<a”, 7A>>|, [a’ +> B<sE<a”,7A>>], [@' — 7B<E<a”, 7A>>],
[’ +— B<E<a” A>>|,[a' — B<E<a” A>>] [a’ — B<E<a” A>>],

[’ — 7B<sE<a”, A>>], [a’ + B<E<a”, ;B<a"’>>>|,

[al — ?B<E<al”7 ?B<a””>>>L [al — B<7E|.<a///7 ?B<al”/>>>]7

[al — ?B<?E<al”7 ?B<al//l>>>}7 [al —> B<E'<a/l/7 B<al///>>>]7

[’ — 7B<E<a’” B<a”">>>|,[a' — B<;E<a” B<a"’>>>],

[a’ — 9B<sE<a”,B<a"’>>>| }

Result of smallerFC(B<;B<;D<a, 7A>>>):

{ B<B<D<a, 7A>>>, B<;B<D<a, 7A>>>, B<B<;D<a, 7A>>> B<;B<;D<a, 7A>>>,
B<B<D<a, A>>>, B<;B<D<a, A>>>, B<B<;D<a, A>>>, B<;B<;D<a, A>>>,
B<B<D<a, ;B<aa’>>>>, B<,B<D<a, yB<aa’>>>> B<B<,D<a, yB<aa/>>>>,
B<;B<;D<a, yB<aa’>>>> B<B<D<a, B<aa'>>>> B<;B<D<a, B<aa'>>>>,
B<B<;D<a, B<aa'>>>>, B<;B<;D<a, B<aa'>>>> B<B<E<a"” ;A>>>,
B<;B<E<a’”, ;A>>> B<B<;E<a”’, ;A>>> B<;B<;E<a”, 7A>>>,
B<B<E<a"”, A>>> B<;B<E<a”, A>>> B<B<;E<a” A>>>,

B<yB<,E<a’”, A>>> B<B<E<a", ;B<a’”">>>>
B<;B<E<a"” ,B<a”’>>>> B<B<;E<a"”’ ;B<a”’>>>>,
B<;B<,E<a’” ,B<a>>>> B<B<E<a"' B<a'>>>>
B<;B<E<a’” B<a”’>>>> B<B<;E<a” B<a"">>>>,
B<;B<;E<a”,B<a”’>>>> }

The result contains not all smaller elements of B<;B<;D<a, ,A>>>. There are infinite chains
of smaller elements, which are smaller than the underlined elements. They are not deter-
mined by smallerFC.
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The next definition < is the corresponding definition to <* for sub-terms of type terms.
Definition 4.24 (<) Let <* be a subtyping relation. Then

<G = {(X<by, ., 0,5, Y0000 >) | X<64,...,0,><*Y<6,...,0 >and
(X=YorX="C'orY =-D)}

In this algorithm we unify a set of equations Eq = {0, <01,...,0, <0, } where 0;,0; €

STypers( BTV ), and 6 < 6’ means, that the two type terms should be unified, such that
o(f)<*a(0).

During the unification algorithm < is replaced by =, where § = ¢’ means that the two
type terms should be unified, such that o(6) = o(6").

Algorithm 4.25 The type unification algorithm TUnify .. is given as follows
Input: Set of equations Eq = {6, <¥6,,...,0, <0, }

Precondition: 6,6, € STypers(BTV') for 1<i<n.

Output: Set of all general type unifiers Uni= {oy,...,0m }

Postcondition: For all 1 <4 <n and for all 1 < j < m holds (0;(0;) <*0;(6;)). €
TTC’( BTV) X TTC( BTV)

The algorithm itself is given in seven steps:

1. Repeated application of the rules reducel, reduce?, reduce3 erasel, erase2,erases3,
swap, and adapt of figure 7?7 to all elements of Eq. The end configuration Eq’ is
reached if for each element no rule is applicable.

2. Eq, = Subset of pairs, which consists only of type variables.
3. Bqy = Eq\Eq

4. Eqeer = { Eq1 } % ( ® {a=0|0 € smallerFC(¢')})
(a<0)eEq
x ( ® {a =010 ¢ smallerFC;(0') })
(a<20")€Eq2
x( Q) {a=06<0}

(0<a)eEq2

(@ {a=0lo<i0)

(0 <2 a)eEq2
5. Application of the following subst rule

EquUu{a=0}

Eqa—0U{a=0} a occurs in F¢ but not in ¢

(subst)

for each {a = 6} in each element of Eq € Eqs. The result is Eq.,,.
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6. (a) Foreach Eq € Eq.,, which has changed in the last step start again with the
first step.
(b) Build the union Eq”,, of all results of (a) and Eq’ € E¢.,, which has not changed
in the last step.
7. Uni={Eq" | Eq" € Eq, is in solved form }

The result is then a set of unifiers

{0'17”-70'11}7

where for each Fg; € Uniholds o, ={a—0|a=0}.

Example 4.26 In this ezample we use the standard Java 5.0 types like Number, Integer,
Vector, and Stack (cp. example 3.14).
As a start configuration we use

Eq = {Stack<a> < Vector<;Number>, AbstractList<7Integer> < List<a>}.

In the first step the reducel rule is applied:
Eq = {a<;.Number, 'Integer <, a }

In the second step nothing happens:
Eq = 0

The result of the third step is:
Eq = Eq

In the fourth step we receive:

Eqset = { {a <7 Number,a = Integer },
a < 7Number, a = ’Integer },
g
{a < 7Number, a = Number },
{a < -Number, a = "Number },
a <7 Number, a = Integer },
g
a <, Number, a = 'Integer
g K
a <7 Number, a = Number
9 K
{a <, Number, a = *Number },
a <9 ¢Integer,a = Integer },
g - g
a<-,Integer,a = ‘Integer },
g g
a <77Integer,a = Number },
g
a<;Integer,a = ‘Number },
g
a <; Integer,a = Integer },
g Jnteg
a <y Integer,a = "Integer
ger, ger j,
a <<» Integer,a = Number
g k) K
a <, Integer,a = 'Number
g
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In the fifth step the rule subst_eq is applied:

Eqset = { { Integer <;;Number,a = Integer },
{"Integer < ;Number,a = “Integer },
{ Number < ;Number, a = Number },
{"Number <, ;Number, a = ’Number },

{ Integer <; Number, a = Integer },
{"Integer <, Number, a = “Integer },
{ Number < Number, a = Number },
{"Number <, Number, a = “Number },

{ Integer <;-Integer,a = Integer },
{"Integer <, ,Integer,a = ‘Integer },
{ Number < ;Integer, a = Number },
{"Number <, ;Integer, a = ‘Number },

{ Integer <, Integer,a = Integer },
{"Integer <, Integer,a = 'Integer },
{ Number <- Integer, a = Number },
{"Number <, Integer,a = 'Number } }

With the again application (step siz (a)) of the steps one to five we receive the result:
Uni = {{a = Number }, { a = Integer } }
The following example shows, how the problem from [Smo89) is solved.

Example 4.27 Let the following Java 5.0 programm be given:

class A { ... }

class B<a> extends A { ... }
This means that there is infinite chain in the ordering <*:
... <*B<B<B<7A>>> <* BKB<7A>> <*B<7A>.

In [Smo89] the problem is, that it is not obvious how to solve an equation a <B<?A>. The
solution that it is sufficient to consider the smaller elements in the finite closure with new
variables. As all smaller elements are substitutes from these smaller elements in the finite
closure, the continuing of the unification algorithmus determines the correct substitution.
Let the the following start configuration be given:

Eq = {B<a> < B<B<B<B<7A>>>> a < B<7A> }.
After the fourth step we receive:

Eqser = {{a = B<B<B<7A>>> a = B<7A> }
{ a = B<B<B<B<a/>>>> a = B<?A> }
{ @ = B<B<B<?A>>> a = B<B<d'>>}
{ @ = B<B<B<B<d/>>>> a = B<B<d">>} }

60 CHAPTER 4. TYPE UNIFICATION

With the fifth step we get

Eq.,, = {{a = B<B<B<?A>>> B<B<B<?A>>> = B<?A> }
{ @ = B<B<B<B<d'>>>> B<B<B<B<d>>>> = B<7A> }
{ @ = B<B<B<?A>>> B<B<B<?A>>> = B<B<d">>}
{ @ = B<KB<B<B<d/>>>> B<B<B<B<d/>>>> = B<B<d’>> } }

Now we have the continue with the first step (step siz (a)). With the application of the
reduce3 and the swap rule, we get

{{ @ = B<B<B<?A>>> B<B<?A>> = 74}
{\a = B<B<B<B<d>>>> B<B<B<d>>> =74}
{ @ = B<B<B<7A>>> a’ = B<7A> }
{ a = B<B<B<B<a/>>>> a’ = B<B<d>>} }

As the first two set of type term pairs are not in solved form, this means that the set of
unifier is given as:

{{ @+ B<B<B<?A>>>}, {a = B<B<B<B<d>>>>}}.

Now we proof the correctness of the type unification algorithm for type terms with wild-
cards.

Theorem 4.28 The type unification algorithm determines all general type unifiers for a
given set of type term pairs. This means that the algorithm is sound and complete.

The type unification problem for type terms with wildcards is solved by algorithm 4.25.
This means that the algorithm 4.25 is sound and complete.

Proof: We do the proof in two steps, as the proof of theorem 4.28. First we prove the
soundness and then the completeness.

Soundness

We have to prove that each calculated result of the algorithm is a unifier of the corre-
sponding input. We do the proof as follows: For an arbitrary result ¢ we show that if o
is an unifier of the set of type terms after the transformation, then o is also an unifier of
the set of type term pairs before the transformation.
Let

o={ar—0,....,a,—0,}

be a result of the algorithm.

Step seven: In step seven the type terms pairs are filtered, which are in solved form.
This means that o is also a unifier before applying step seven.

Step six: In step six different sets of type term pairs are united. This means that o is
also an unifier before applying step six.
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Step five: The type variables a are subsituted by 6. As for the unifier holds o(a) =
o(0), o is also a unifier of the set of type terms before the substitution.

Step four: In step four on the one hand type term pairs of the form (a < 6) respectively
(a <2 0') are transformed to (a = 6) for a type term 6 with § <*¢'.
On the other hand jype term pairs oflthe form @/ < a) respectively (0 <7a) are
transformed to a = @ for a type term 6 with 6 <*¢ .
If o is a unifier of (a = ) then o is also a unifier of (a < ') and (a <7 6') for 6 <*¢'
respectively 6 <36’
If o is a unifier of (a = ?’) then o is also a unifier of (6 < a) and (6 <- a) for <8
respectively 0 <} 7.

Step two and three: In these steps the pairs are only filtered. This means that the

pairs are unchanged. But this means that o is also a unifier before applying the
steps.

Step one: The soundness of the reduce3 rule, the erase rules, and the swap rule is
obvious.

reducel, reduce? rules: If it holds for the unifier o2 (6;) = o(0, ;) for 1<i<
n and

C(alvw~7an)§D(aﬂ'(l)w“7a7r(n))
then follows by definition 3.10

0(0(917"'79”))S*J(D(e;(l)w*we;r(n)))'

adapt rule: If it holds for the unifier o:
o(D'(Fy,. B )la = X | 1<i<n]) = o(D(6},....6,,)).
then follows as it holds (D(ay, ..., a, ) <* D’(?;, . ﬁ;n )) by definition 3.10:
o(D(01,..0)) < a(D/(0),....0,)).
This means that o is also a unifier of the type term set before this step.

We have proved for all transformations that if a substitution is a unifier of the result the
same substitution is also unifier of the input. But this means that the algorithm is sound.

Completeness

For the completeness we have to prove that if there is an unifier of a set of type term
pairs then this unifier is also determined by the algorithm. We do the proof as follows:
For an arbitrary unifier ¢ of a given set of type term pairs, we show that in each step of
the algorithm after the transformation there is one set of type term pairs, where o is still
an unifier.

Let o be an unifier of Eg = {0, <0},...,0, <0}
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Step one: It is obvious that the application of the erase rules and the swap rule obtain
all unifiers.

As it holds o( D<by,...,0,>) = D<o (6,),...,0(6,)> the transformations by the
rules reducel, reduce2, reduces, and adapt obtain also all unifiers.

This means that after step one o is still an unifier of the transformed set of type
term pairs Eq'.

Step two, three, and four: The pairs of type terms which are filtered in step two are
unchanged in step four, such these pairs are not needed to be considered.

Now we have to consider four different casses in step four of type term pairs, which
are filtered in step three:

(a <) € Egy: Thismeanso(a)<*o(0"). From this follows by definition ?773.10777
that there is a (¢ S*gl) € FC( <) and a substitution ¢’ with 0'(5/) =6 and
a'(0) € smallerFC(U’(gl)) such that o(a) =o(d’(0)).

This means for the pair (a < 6') € Eq’, where ¢ is an unifier, there is after the
transformation an equations set in Fqs; with a pair (a = ¢'(8)), where o is
still an unifier.

(a<70") € Eqy: This case is analogous to the first case.

(0 <a) € Egy: Thismeans o(0)<*o(a). From this follows by definition 7773.1077?
that there is a type term 6§ with  <*¢ and o(a) = o(6).

This means for the pair (§ < a) € Eq¢/, where o is an unifier, there is after the
transformation an equations set in Fgs; with a pair (a = 6'), where o is still
an unifier.

(0 <7 a) € Eqy: This case is analogous to the previous case.

As in step four the cartesian product of the particular resuls is built there is one set
of type term pairs of Fq,, where o is still an unifier.

Step five: If o is an unifier of {a = 6}, then it holds o(ala +— 6]) =
that for all pairs (6 < ?’) € Eq, (0< 5’) € Eq, respectively (
o(0)<*o(8') respectively o(8) = (8 ) it holds o(8la — 6
respectively o(0la — 0] ) = o(gl[a, —0]).

o(#). This means
= §) € Bq with
)< o(fla = 0]')

0
I
This means that after step five o is still an unifier of the transformed set of type
term pairs Eq'.

Step six: As no pair of type terms is transformed, the unifiers are maintained.

Step seven: In step seven the pairs of type terms which are in solved form are filtered.
All other sets of pairs of type terms have no unifier, thus all unifier are obtained.

This means that for an arbitrary given unifier o of {6, < 6},...,0, <0, }, o is calculated
by a the algorithm. This means that the algorithm is complete. ]
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4.2.3 Unified Minimal Upper Bound

As an extension of the type unification algorithm TUnify . we consider now the problem,
determining a substitution o and a set of type terms Mub for two given type terms 6, 0y
such that 0 € Mub is a minimal upper bound of o( 6, ) and o(6,).

Algorithm 4.29 The minimal upper bound type unification algorithm TUnify,,,, is
given as follows

Input: A pair (64, 62)

Precondition: 0,0, € Tro( BTV ).

Output: A pair (Mub, o) with Mub = {6,,...,0,,} a set suprema and a most general
unifier o.

Postcondition: For all 1 < j < m holds 6; is a minimal upper bounds of ¢(#; ) and

0'(92).

The algorithm itself is given in three steps:

1. If 6, or By is a type variable. The result is given as ({62 }, [#1 +— 62]), respectively
({01 },[62 — 61]).
In the other cases let 6, = D'<6},....0,> and 0y = D"<07, ... 0/ >:
Then, let the set of minimal upper bounds of D'<ay, ..., a,> and D"<by, ..., b,> in
(Tre( BTV ),FC( <)) be given as MUB( D'<ay, ..., a,>, D"<by, ..., by>).

2. Let o = TUnify - (ay = 0}, ..., ap =0, by = 0", ... by = 0"

- ") if it exists.
3. The result is then given as

({o(8) | § € MUB(D'<ay, ..., ap>, D"<by,....by>) },0).

Now, we give an example for the algorithm TUnify,, .

Example 4.30 We consider again the type term ordering from example 3.16, DARGESTELLT

in figure 3.4.
We apply the algorithm to the pair

(Vector<Vector<b>> PriorityQueue<c>).

1. We construct MUB( Vector<a>, PriorityQueue<a>) = { Collection<a>, Serializable }.

2. 0 = TUnify <+ (a = Vector<b> a = ¢ ) = [a > Vector<b>, ¢ — Vector<b>|.
3. The result is then given as

({ Collection<Vector<b>> Serializable },0).
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Correctness of TUnify,,,,

It is obvious that TUnify,,,,;, is correct if 6; or 6, is a type variable.
Let us consider the other case:

Let D<7,..., 7> be a minimal upper bound of D'<7{,... 7'> and D"<7/,... 7> in
(Tro( BTV ), <*). Then, from definition 3.10 follows, that there are 7,...,7) with
D<7Y,...,7}>is a minimal upper bound of D'<ay, ..., a,> and D"<by, ..., b,> (a1, ..., an,

by,...,bp, € TV) in (Tpe( BTV ),FC( <)) and
5<7Tl>'-~7?k> :ﬁ<?/1,..4,?;c>[(11 L T{,...,a" = Ty’,nbl [and T{,w'-vbm L T',/y,l .

From this follows that in TUnify,,,, for §; = D'<0},...,0.> and 0y = D"<07,...,0/>
first all minimal upper bounds E<§l1, . ,§;€> of D'<ay,...,a,> and D"<by,... b,> in
(Tre( BTV ),FC( <)) must be determined. This is done in step 1. Then for each pair
a; = b; the subterms ¢ and 0} of 6, and 0y must be unified. This is done in step 2 by
the unification algorithm TUnify < with the input pairs a; = 0} for 1 <i<n and b; = 9;’
for 1 < j <m. Finally, in step 3 the unifier is applied to all minimal upper bounds of
D'<ay,...,a,> and D"<by,...,b,,> The result is then a minimal upper bound of #; and

92 in (TTC( B,T‘/)7 S* )

4.3 Implementation
- Wie detaiiert soll eine Implementierung beschrieben
werden?
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(reducel)

(reduceExt)

(reduceSup)

(reduce3)

(erasel)

(erase2)

(erase3)

(swap)

(adapt)

Equ{C<b,,...,0,><D<Oy,...,00>}
EqU{01) <201, On(n) <20, }
where

= C<ay,...,0,> < D<RaAr(1 ), - oo Ar(n)>
—{a,...,a, } CTV

— 7 is a permutation

BEqU{X<0,...,0,><:,Y<0;,...,0,>}
EqU{@W(l)<7(9'17..4,97r(n)<797,1}
where

= X<ay, ..., 0,> <5Y<Ar(1)y o5 Ar(n)>
—{a,...,a, } CTV

— 7 is a permutation
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EqU{C<by,...,0,><D<b,....0,>}
(eruCCU EquU {9,.,(1) <7 9{ . ,49,1.(") <7 6; }
where
— C<ay,...,0,> <" D<ag(1y, .. Qn(n)>

- {al,...,an}QTV

— 7 is a permutation

EqU{X<0y,...,0,><,Y<07,....0,>}

reduce2
(reduce2) EqU {01y <207, ..., 0:n) <20, }
where
= X<ay, ..., a,> <5 Y <1, ()

- {a17'~~7an} QTV
— 7 is a permutation

: / /
HIER WEITERMACHEN, UNKLAR WIE SUPER AUF SUBTERMEN FORTGESETZT WIRD-24" (X<, On> <0 V<O, 0>

where
— X<ay,...,a,> <5Y<ar(1)s 0 Qn(n)>
- {(llv-'-van} QTV

— 7 is a permutation

EqU{C<by,...,0,>=C<0;,....0,>}
EqUu{6,=0,,....0,=0,}

Equ{0<0}

Eq 0<*¢
Eautesr) .,
Eateze) ,_,
% 0¢TV, aeTV

EqU {D<b,...,0,><D'<0y,....0.>}
EqU{D'<B,,....0,>a; — 6; | 1<i<n] <D<, ... .0,>}

where there are 5,1, . ﬁ;n with

o (D<ay,...,a,><"D'<f,,....0,>) € FC( <)

Figure 4.3: Java 5.0 type unification with wildcards

EqU {01y <201, ..., 0:n) <20, }
EqU{C<by,....0,>=C<0;,....0,>}

' Vn

(reduce3)

g EqU{9<6/} * /
(erasel) o B 0<*0
EqU{§<)§l} vy
ase2 ==t 050
(erase2) By <3
‘ Equio=0} ,_,
(erase3) N 0=140
) Equ{f=a}
(swap) Fqu{a=0} 0TV, acTV
EqU {D<by,...,0,><D'<0y,...,0, >}
(adapt) = - )
Equ{D<0,,...,0,>a—0; | 1<i<n] < D'<0,....0,>}
where there are 5’1, . ,gin with

o (D<ay,...,a,> <" D'<By,....0,>) € FC( <)

Figure 4.4: Java 5.0 type unification with wildcards



Chapter 5

Type Inference

5.1 Introduction to Type Inference

[Mit84] [Rey85] [Car8§]

We will now introduce some type inference systems and its type reconstruction algorithm.
We will start with the Hindley—Milner type system [Mil78, DM82]. Then, we show type
systems, that extend the Hindley-Milner type system by subtyping and overloading in
different variants. An overview of type systems is given in [CW85].

In well-known imperative programming languages like PASCAL [JW74, JWMS85], C [KR88],

or Modula—-2 [Wir88] and in object-oriented languages like C++ [Str91], Eiffel [Mey92], or
Java [GJS96] with static typing, declaration of a type for any variable and any function
is mandatory before it is possible to use it.

Since the definition of ML (later SML [MTH90, Mil97]) there is a functional programming
language which is static typed, but does not require that the types are explicitly declared.
For ML there is a type inference system which specifies types for a given function dec-
larations. This type inference system is derived from a system which is formulated in
combinatory logic by Hindley [Hin69]. Therefore, this type system is called the Hindley—-
Milner type system. In [Mil78] Robin Milner defines the rules for the type inference system,
but the problem if there is an algorithm which reconstructs the type for a given function
declaration is in this paper open. In [DM82] Luis Damas and Robin Milner presents the
algorithm W, which satisfies the type inference rules. Furthermore, they proved that the
types reconstructed by W are the most general types of the function declaration, which
means that all other types of the function declaration are instances of these types.
Another algorithm which satisfies the type inference system of Milner is called M and
is presented by Lee and Yi in [LY98]. M stops earlier then W if a type error occurs
and the error information is more detailed. Therefore this algorithm is often used for the
implementation of functional programming languages.

Mycroft [Myc84] was the first, who proposed an extension of ML type discipline that allows
polymorphic recursion. Polymorphic recursion means that the declaration of a function f
can contain recursive calls of f with different instances of the type of f. Therefore this type
system is often called Milner—Mycroft. Unfortunately, the type reconstruction problem
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for the Milner-Myecroft type system is undecidable, which is proved by Henglein [Hen88,
Hen93]. He proves that the Milner-Mycroft type reconstruction problem is equivalent
to the semi-unification problem, which is given as the problem of solving subsumption
inequations between first-order terms. The semi-unification problem is undecidable, which
is proved in [KTU90]. The functional programming languages Hope [BMS80], Miranda™
[Tur86], and Haskell 98 [eAB*02] allow polymorphic recursive function declaration at
top-level, but they require explicit type declarations for such functions.

Kfoury, Tiuryn, and Urzyczyn [KTU93] extends the Hindley—Milner type system by poly-
morphic abstraction, which means that for a A-bound variable occurrences of different
instances are allowed in the A-term. They proved that the type reconstruction problem
of Milner—Mycroft, the problem of type reconstruction for the Hindley—Milner type system
extended by polymorphic abstraction, and the semi-unification problem are equivalent.
This means that also the problem of type reconstruction for the Hindley—Milner type
system extended by polymorphic abstraction is undecidable.

Another extension of the Hindley—Milner type system is the introducing of overloading
and subtyping. Fuh and Mishra [FM88, FM90] allow to declare a subtype relation on
constant type terms. The type reconstruction algorithm determines additionally a set
of coercion constraints. Finally, these coercion constraints are handled again by two
algorithms, where the first one determines the instances for the type variables and the
second one checks the consistence of the set of coercion constraints.

Mitchell [Mit91] considers also subtypes in the A-calculus [Bar84]. Beside the syntactic
type inference he considers the semantic soundness of two different type inference sys-
tems. Furthermore, he gives two type reconstruction algorithms for the A—calculus with
coercions. The algorithms compute in addition to a type and a substitution, as usual, a
minimal set of coercions required to make the term typable. The first one allows arbitrary
coercions between types, while the second one allows only atomic coercions, i.e. coercions
between atomic terms (type variables and constants).

Kaes considers in [Kae88, Kae92] type inference systems where Hindley—Milner is extended
by overloading and subtyping. In [Kae88] he considers an extension of the Hindley—Milner
type system allowing parametric overloading, i.e. overloading is restricted to function
symbols and the result type of a function application f(t1,...,t, ) is uniquely determined
by the outermost type constructors of the types of the arguments. His approach to
overloading is based on a restriction of generalized types. For example the typing f :
Va.ao — « is restricted such that only some types are allowed as instances of «. In this
case [ is overloaded by these types. For this extension he gives a type inference system
and a corresponding type reconstruction algorithm.

In [Kae92] he unites overloading and subtyping in a way such that the restrictions which
hold for the overloaded function symbols are considered as additional constraints in the
set of coercion constraints.

In both papers the overloading is restricted to function symbols. Some restrictions on
overloading are necessary, as type inference without any restrictions is undecidable. This
is proved by Leivant [Lei83)].

In [AW93] a general algorithm for solving systems of inclusion constraints over type ex-
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pressions is presented. The algorithm works incrementally transforming a system of con-
straints until the system is discovered to be inconsistent (i.e. has no solution) or to be
inductive, which means that the system is equivalent to a system of equations, which
have always a solution. The type language includes a least type 0, a universal type 1,
intersection and union types, function types, constructor types, and recursive types. The
intersection type are restricted to so-called liberal intersection types, which means that
for example overloaded function symbols are not allowed. In comparison our type system
is restricted to intersection types of overloaded function symbols. In the system of [AW93]
every A-term typeable in the Hindley—Milner type system has all of its Hindley—Milner
types, which means that this type system is a generalizion of the Hindley-Milner type
system.

Another form of overloading is given in Haskell 98 [eABT02]. In Haskell types classes and
its instances (cf. [WB89]) are introduced. The type class declares at least a signature
of function symbols (furthermore it is possible to define some equations, which must be
fulfilled by the instances). The corresponding instances define the interpretation of the
function symbols. Additionally, it is possible to declare contexts for type classes and the
instances. For example class xi(a) => x2(a) where ... or instance yi(a) => x2(a)
where ... declares the class y» or the instance ys, respectively, in the context x;. This
means in the view of object-oriented programming, that the type classes or the instances,
respectively, inherit from its contexts.

The possibility to declare different instances of one type class implies that all function
symbols of such a type class are overloaded.

In [WB89] a type inference system is given, which is more powerful than the type system
of Haskell. Volpano and Smith [VS91] showed that this type system is undecidable.

The inheritance ordering of type classes in Haskell is considered in [NS91] as an ordered
set of sorts of a (non-polymorphic) order-sorted signature (cf. section ??). The function
symbols of these order-sorted signatures are given as the type constructors, for which
instances of the type classes are declared. The arities are given as the tuples of class names
of contexts and the coarities are defined as the names of the classes which are instanced.
For example, if an instance of the predefined class Eq is declared for the type constructor
Pair by instance (Eq a, Eq b) => Eq (Pair(a, b)) where ... then Pair gets the rank
Pair: (Eq, Eq) —> Eq. For the type inference, the type variables additionally typed
by the class names. The Robinson unification [Rob65] in the algorithm W of Milner is
substituted by an order-sorted unification algorithm (cf. figure ??). This approach is
similar to the approach of Kaes, where overloading bases on the restriction of generalized

types.

In the functional programming language Gofer [Jon94] there are another two extensions.
While in Haskell only parameterless type classes are allowed, Gofer has parameters for
type classes. It is possible that these parameters stand not only for type terms, but also
for type constructors (higher-order polymorphism). In [CHO92] there is a type inference
system and a type reconstruction algorithm for parameterized type classes, which is based
also on the Hindley—Milner type reconstruction algorithm. Only the unification algorithm
is substituted by a context—preserving unification algorithm.
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The constructor classes (type classes with parameters for type constructors) are detailed
considered in [Jon93]. Jones gives a lot of examples for constructor classes and a type
reconstruction algorithm.

Weber [Web93] considered the integration of coercions (in the sense of automatic type
transformations) and the concept of type classes. With these ideas he describes a type
system for a subset of Axiom [JS92] (Scratchpad [Jen84]) and gives a type reconstruction
algorithm.

Odersky, Wadler, and Wehr [OWW95] considers overloading, such that a program pos-
sesses a meaning that can be determined independently of its type, which is impossible in
Haskell. For this they make a simple restriction to type classes of Haskell: In a type class
over a each overloaded function symbol must have a type of the form a -> t. Further-
more, they generalizes the type classes such that polymorphic records can be handled.
For this changed language they line out a type reconstruction algorithm, where again
the Robinson unification is substituted in the Hindley—Milner algorithm by a constrained
unification algorithm.

A complete different approach of subtyping and overloading gives Freeman [Fre94]. He
considers refinement types. Refinement types require two type systems. On the one hand
a simple basic type system is needed (Hindley-Milner type system) and on the other hand
a more expressive type system, which allows overloading and subtyping. The second type
system refines the first one. It is possible for the user to declare monomorphic as well as
polymorphic refinements.

A generalization of the these type inference systems with constraints is given in [OSW99].
They present a general framework HM(X), which is the Hindley-Milner (HM) type
system, with a constraint system X. The Hindley—Milner type system is extended on
the one hand, as types are members over an arbitrary term algebra, which means that
besides — other type constructors are admissible. On the other hand type schemes are
extended, such that they can contain a constraint component C: Va.C' = 7, which
restricts the types, that can be substituted for the type variabel . They give a type
inference algorithm, which computes under sufficient conditions on X a principal type
for each expression. As instances of their framework they give the standard Herbrand
constraint system, which represents the original Hindley—Milner type inference algorithm,
the constraint based systems, given in [AW93], 7?7EST95a?7?? WAS HAT DAS MIT
EST95 ZU TUN???, and an example from [Oho95] with polymorphic records.

Last, we will consider two papers about local type inference. In [PT00] the item is intro-
duced by Pierce and Turner. In [OZZ01] the concept is extended by Odersky, C. Zenger,
and M. Zenger to colored local type inference. These ideas are used for the yet implemented
aspects of type inference in Java 5.0 (cp. section 2.1.1).

The type system of local type inference bases on F<, the second-order A-calculus with
subtyping e.g.[CW85]. It allows omitting some type annotations with two techniques.
On the one hand type arguments in applications of polymorphic functions are inferred,
which means, that for example the the type of the application of the identity function
id = \r.x : Ya.a — « to a number idl infers the type int. The type annotations are
determined by a local constraint solver without any long-distance constraints as unification
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variables. On the other hand known type informations are propagated down the syntax
tree to infer types of bounded parameters of ananonymous functions and type annotations
on local variable bindings. For example a function f with the type (int — int) — int
is applied: f(Az : int.x + 1) the type annotation of x can be omitted.

If the function f would have the type Va.(Int — «) — « the type annotation of x in
f(Az.z + 1) would not be able to determine by downward propagating. It is necessary to
propagate the propagate the for « instanced type int upward. In [OZZ01] the propagation
direction is expressed by coloring the types.

As application of the colored local type inference, in this paper pattern matching is pre-
sented. In PIZZA pattern matching is implemented as PIZZA allows algebraic datatypes.
??77In GJ pattern matching is implemented by visitor patterns [GHJIV94]?77.

Im comparison to our approach these approaches of local type inference consider only
restricted type inference. For example in [PT00] it is considered how much type inference
is enough? From a statistical analysis they derive the most important cases of type
inference and assert these as the properties of local type inference. For our approach a
type unification algorithm (cp. chapter 4) is necessary. ???This approach includes the
cases of local type inference.???

5.1.1 Ceucil

First, we consider [Lit98], where a static type system for object-oriented languages, which
provides type checking and local type inference, similar as in [PT00], is presented. They
implemented their type system in the language Cecil . The type system supports bounded
parametric polymorphism, F-bounded polymorphism, inheritance, subtyping, overloading,
method constraints, and first-class functions. In the paper type-checking/-inference rules
are presented.

5.2 Type inference in object oriented languages

In this section we present existing approaches of type inference in object-oriented lan-
guages. In section 5.7 we compare these approaches to our approach, which is introduced
in section 5.4.

[CCH'89, CHCI0] F-bounded types, subtypes and inheritance

There are basically two different approaches of type-inference in object—oriented lan-
guages. On the one hand types are inferred as precise as possible. This is done for
optimizations in the compiler construction. This approach is followed by Palsberg and
Schwartzbach and all following papers (cp. figure 5.1). These approaches we will consider
in section 5.2.1.

Another approach is given following the Hindley—Milner approach. Eifrig, Smith, and
Trifonov describes an approach for object-oriented languages following the A-calculus.
Furthermore the language ocaml, which is object—oriented extension of caml has a type—
inference system. In these approaches principle types respectively most general types are
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[Palsberg, Schwartzbach 94]  [palsberg, Schwartzbach 91] [Hindley/Milner et. al.]
(Tl in OO-Languages) ‘

l \M [Aiken, Wimmer 93]
[Oxhoj, Palsberg, Schwartzbacl (inclusion constraints)

N over type expressions)
(copying classes) l

[Agesen 95/96]
(Cartesian product algorithm [Eifrig, Smith, Trifonov 95a
[Plevyak, Chien 94] [Agesen, Palsberg, Schwartzbach 98] no data polymorphism) recursive type

(Precise concrete Tl in 0O (Inheritance) \ F-bounded polymorphismi

data polymorphism
type system

function polymorphism
no principal type) [Wang, Smith 01]
(Data polymorpic

[Fuhrer, Tip Kiezun, Dolby, Keller 05] Cartesian product
(Type parameter inference, Generic Libraries algorithm in Java)
no data polymorphism
no function polymorphism)

[Donovan,Kiezun, Tschantz, Ernst 04]
(Type parameter inference, Generic Libraries
diiferentiation of declaration and allocation side
S-unification)

Figure 5.1: Overview of related work

inferred. This is done from the point of writing application code, especially code re-use.
We will consider these approaches in section 5.2.3.

A third class of type-inference algorithms considers the automatic inference of type pa-
rameters of raw declared types. This approach is used for refactoring Java programms
by introducing type parameters and removing redundant type-casts. This approach is
following the idea of Palsberg and Schwartzbach. We consider this approach in section
5.2.2.

5.2.1 Flow analysis approaches and constraint solving

The idea of viewing type inference as a problem of solving constraints has been explored
in [Wan87] for functional laguages and in [Sch91] for imperative languages.

IST [PS92, KPS94] RELEVANT???

In [PS91] a type inference system is given for a language which is oriented at Smalltalk
[DHHS81, GR&3]. The idea in this system is to build a uniform set of type constraints,
which is solved by a fixed point derivation. Their type system is defined such that types
are finite sets of classes and subtyping is a set inclusion.

The algorithm itself has four steps. First all classes are expanded, which means among
other things copying the text of a class to its subclasses. In the second step a trace graph
is constructed. The nodes are obtained from the various methods implemented in the
program and the edges will reflect the possible connections between a message send and
a method that may implement it. In the third step from this trace graph a set of type
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constraints are extracted. Finally, in the fourth step, the least solution of the set of type
constraints is computed, if it exists. Afterwards, the solution is mapped back onto the
program.

In [OPS92] the algorithm of [PS91] is improved on the one hand by handling container
classes (collection classes) as Lists. This is done by copying the class code. On the other
hand the implementation is improved including new techniques.

In [APS93] the algorithm is applied to Self [US91]. In this approach the algorithm is
extended to handle dynamic and multiple inheritance.

All these approaches are summerized in [PS94]. Here, object-oriented type systems are
described in detail. The book uses a language named BOPL. BOPL is given in differents
variants and contains common features of Simula, Smalltalk, C++, and Eiffel.

Concurrent Aggregates

In [PC94] type inference of the language Concurrent Aggregates (CA) [Chi93, CKPZ93]
is described. CA is a dynamically typed cuncurrent object-oriented language with single
inheritance, first class selectors, and contiuations. The language allows data polymorphism
and functional polymorphism.

They present an incremental constraint-based type inference algorithm. The algorithm
contains a data flow analysis, which produce an interprocedural call graph, in which
function/method calls and container creations are splittedA to eliminate function and
data polymorphism. The analysis is efficient as they use entry sets and container sets,
which collect similar flow histories together, reducing the costs of the data flow analysis.
In contrast in [OPS92] for each syntactic new a copy of the corresponding class is created.
A drawback of this approach is that iterations a necessary. This is caused by the possibility
that modifications (splitings) of the developing constraint network could lead to solutions
inconsistent to the network. Therefore in this case a further iteration is necessary.

This lack has been addressed by the cartesian product algorithm.

The Cartesian Product Algorithm (CPA)

The CPA [Age95] uses for each method a dictionary of templates. Given a method call
rcvr.m(arg; ldo arg,) with sets of known types for m and arg;, respectively. Then for
each tuple of the cartesian product of the known types a new template is created, if it
is not in the dictionary. In the other case the corresponding template already exists and
no new template has be created. In contrast to the iterative algorithm the CPA needs no
iteration after adding new templates. This is caused by the monotonicity of the cartesian
product, which means if one set of types grows also the coresponding cartesian product
grows.

In the approaches of [PS91, OPS92, PS94] inheritance is handled by copying methods
down into classes inheriting them. The CPA approach removes the need for expansion, as
it always creates one template for each possible type. i.e. CPA always analyses a method
in the context of one class at a time.

This algorithm is more efficient than the iterative approach and is in some cases also more
precise. The loss of the algorithm is handling data polymorphism. It losses precise for
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programs with container classes as Lists.

Data—Polymorphic CPA (DCPA)

The DCPA [WS01] addresses the problem of precise types of instances of container classes,
like java.util.Vector in Java.

They define a framework of object-oriented constraint inference. The type bases on that
of [AW93] und is close to that of [EST95b] (cp. section 5.2.3). The constraints generated
first in an initial phase for the expressions. Then a closure is built.

They show that the result corresponds to a CPA result.

Then, in the data polymorphic analysis the method invocations and the object creations
via new are devided in CPA-safe and CPA-unsafe ones. CPA-safe means thta no data
polymorphism occurs and CPA—unsafe menas that data polymorphism occurs. For CPA-
safe invocations templates (contours) are created as in the CPA algorithm. For the CPA
unsafe ones additional contours are created.

Finally the DCPA closure algorithm solves the constraints.

5.2.2 Converting raw types to parametrized types

Now we consider two approaches, where type inference supports replacing raw types of
Java programs with parametrized type of Java 5.0 programs. Two similar approaches are
given [DKTE04, FTK'05]. The algorithms in both approaches rewrites raw references to
generic class with parametrized references. This is done in the declaration sides as well
as in the allocation sides. Furthermore redundant type-casts are removed.

The following small example will explain, what is done.

Using raw references Result of rewriting

Vector v = new Vector (); Vector<Integer> v = new Vector<Integer> ();
v.addElement (5); v.addElement (5) ;
Integer i = (Integer)v.get(0) Integer i = {Integer)v.get(0)

In this small example first in declaration side of the assignment Vector v = new Vector()
the parameter Integer is added. Then the parameter is also added in the allocation side.
Finally in the third line the redundant type-cast is removed.

In [DKTE04] there is differed between references to raw types in the allocation sides and
in the declaration sides. First the type parameters of the allocation sides are determined
by an algorithm consisting of a context-sensitive pointer analysis, a S—unification (subtype
unification), and a resolution of parametric types.

The pointer analysis algorithm is similar to the algorithm of [WS01]. The contour selection
function is reduced. Only those parameter positions and this, which contains a type
variable are analyzed polymorphically.

In a second step the type parameters of the raw references to generic classes in the
declaration sides are determined. This is done by creating a type constraint system,
which is derived by typing rules of Java expressions and statements. Finally the constraint
system is solved. The constraint solver needs possibly backtracking.
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The approach of [DKTE04] allows no modifications of method signatures and fields. It is
not possible to infer parameters of references to classes defined in application code.

The algorithm in [FTK'05] differs not between types in the allocation sides and in the
declaration sides. This algorithm builds a constraint system on the base of the constraint
system in [PS94]. The constraint system is extended to generic types. Then the con-
straint solving is done in a standard iterative fashion. The constraint solver goes without
backtracking. In contrast to [DKTE04] this approach modifies method signatures and the
algorithm is capable to infer parameters of types, which corresponding classes are defined
in application code.

In both approaches the constraint systems are typically underconstrained. This means
that more than one typing of the parameters is correct. The goal of both approaches is
to get a solution such that most type-casts could be removed.

5.2.3 Milner-like approaches

In this section we consider three approach following the Hindley—Milner approach. First
we consider two approaches, where the A—calculus is enriched by object-oriented features,
the languages I-SOOP and I-LOOP. Then we consider ocaml, the object-oriented extension
of caml.

I-SOOP

In [EST95b] a type system with recursively constrained types are introduced. The base
of this system is similar to the system of [AW93]. Types are of the form 7\ C, where 7
is a conventional type and C'is a set of type constraints of the form 7 <7,. The type
system allows multiple lower and multiple upper bounds, which can be understood as a
restricted form of intersection and union types. During the type inference process the
constraints accumulated such that the results have a small set of constraints. In contrast
to [AW93, Kae92, PS94] in this approach a constraint system is considered as consistent
if it contains no obvious contradiction as Nat < Bool. The soundness of the type system
is proved without showing that a, in the sense of the system, consistent constraint system
have solutions.

In this approach the type inference algorithm is given for the language I-SOOP (Inference
Semantics of OOP). I-SOOP is not an object-oriented language. But it is possible that the
object-oriented language OOP is encoded in I-SOOP, as [-SOOP records, record subtyping,
and a notion of state. The encoding of the object-oriented features is done by the definition
of a collection of simple macros, where the class definition is described by a A—expression
as a nested let—expression and the new-operator is described by a A-expression with a
call-by-value Y-combinator.

This approach is powerful. The main problems of this type system are that the types are
large and less easily readable for programmers.
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I-LOOP

In [EST95a] the language I-LOOP (lmplictely typed Little Object Oriented Programming
Language), which contains object-oriented features itself, is described. It inculdes notions
of class, multiple inheritance, object creation (new), and single dispatch of messages.
The language contains A-terms, which means that the type system contains the function
constructor —. Types, which calculated during the type-inference are also recursively
constrained types as in [-SOOP. The semantics of I-SOOP is given by a translation to
I-SOOP. The type—soundness of I-LOOP is proved by the translation to I-SOOP, as the
type—soundness of [-SOOP is proved in [EST95b].

In both approaches for the type—inference of I-SOOP and I-LOOP, respectively no prin-
ciple type property is given. They proved only that the type—inference is complete. This
means that a program, which is typable under the general typing has a type inferred by
the type-inference algorithm.

OCAML

The programming language OCAML[CMP00] is a functional programming language, which
is developed from Standard ML [Mil97], where the syntax is changed, but the type system is
largely adopted. Then, the language is extended by object oriented features. The Hindley—
Milner type system [Hin69, DM82]| is extended to to these object oriented features.

Objects in OCAML
classes: The declaration of classes allows instance variables and methods.
class point =
object
val mutable x = 0
method get_x = x

method move d = x <- x + d
end; ;

As shown in the example the instance variables are changable if they are declared
mutable.

inheritance: The inheritance is declared by the keyword inherit.
class colored_point =
object

inherit point

end; ;

class parameters: It is also possible to declare class parameters.
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class [’al] vector a =
object
val mutable 1 = Array.make O (a : ’a);
method add e = 1 <- Array.append 1 (Array.make 1 e)
method size = Array.length(l)
method elementAt i = 1.(i)
end; ;

Moreover, this example shows that it is allowed to declare an uninitialized instance
variable. Hence, this means that we must initialize the list 1 of vector elements as
an empty array of elements with an arbitrary type. But this leads to the property
that the class must be addionally parameterized of this initial value a. The type of
the expression is then

class [’al] vector :

’a —>

object
val mutable 1 : ’a array
method add : ’a -> unit

method elementAt : int -> ’a
method size : int
end

parameter constraints: Similar as the F-bounded parameters in Java 5.0 the parame-
ters can be constrained.

class [’al] circle (c : ’a) =
object

constraint ’a = #point

val mutable center = c

method set_center c = center <- c
end; ;

In this example the initial center c of the circle must be a subtype of point.

futher features: OCAMLallows class interfaces, multiple inheritance, virtual, and pri-
vate methods.

5.2.4 ImplicitPoly-Tiger

Appel describes in [App02] a type reconstruction algorithm for his language ImplicitPoly—
Tiger. ImplicitPoly-Tiger is an imperative language with polymorphic recursive record
types. The base of his approach similar as our approach is the Hindley—Milner type re-
construction algorithm. The algorithm is extended to the imperative language constructs.
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5.3 Non-explicitly typed Generic Java Programs
5.4 The Type System of Java 5.0

LocalOrFieldVar( var )
InstVar( expr, var )
ArrayAcc( expr, expr)

Source = (class|interface)*
class = Class(type,
[ extends( type ),]
[ implements( typex ), ]
InstVarDeclx,
Methodx)
interface = interface(type,
[extends( type ), ]
MethodHeaders)
InstVarDecl = InstVarDecl( type, var )
MethodHeader = MethodHeader( mname, type, (var : type)x )
Method ;= Method( mname, type, (var : type)x*, block )
block = Block( stmtx)
stmt = block
| Return( expr)
| while( ezpr, block )
| LocalVarDecl( var, [type] )
| If( expr, block|, block] )
| stmtexpr
stmtexpr == Assign(var, expr)
| New( type, exprx)
| NewArray( type, expr)
| MethodCall( [expr,]f( exprx))
expr = stmtexpr
| this
| super
|
|
|

Figure 5.2: Abstract syntax of core Java 5.0

In this section we consider the type system of Java 5.0. First, we give a definition for
the Java 5.0 types of expressions and methods in Java 5.0 classes. Then, we define the
Java 5.0 type inference system, whose rules determine the types of Java 5.0 methods.
For the whole section let BTV be a set of bounded type variables.

Definition 5.1 (Java 5.0 types) Let (STypers(BTV), TC) be a type signature of
declared Java 5.0 classes. Then the corresponding set of Java 5.0 types Type( Tre( BTV)
) is the smallest set with the properties:
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1. Let Basetype be the set of the Java 5.0 base types.
Then Basetype C Type( Trc( BTV )) (base type).

2. Tre(BTV) C Type(Tre( BTV)) (simple type).

3. If for all 0 <i < n: 0; € (To(TV)ODER????Tre( BTV )7?777 U basetype) then
Oy X ... %X 0, — 0y € Type(Trc(BTV)) (function type).

4. Iftyy, tys € Type(Tre(BTV') ), then ty; Atys € Type(Tro( BTV )) (intersection
type).

Remark INTERSECTION SECTION TYPE IM VERGLEICH ZU DEZANI COPPO

The base types and the simple types describe the types of fields of classes, expressions, and
as we will see also the types of statements in methods. The types of the methods, finally,
are given as function types. The intersection type is necessary to describe the complete
type of a method, whose code can have more than one function type. If a method has
an intersection type, this means that more than one type is derivable for the code of the
method by the inference rules. The inference system do not need intersection types, really.
If the code of one method has more than one type, different derivations are possible. This
means all types are seperately derived by the inference system. The intersection rule
(fig. 5.3) summerizes the different type to one intersection type.

Remark (Commutativity, Associativity, and Neutral element of the inter-
section operation) The infix operator A is defined similar as the N operator in the
set theory as commutative and associative. Furthermore, the empty intersection type is
assumed as neutral element wrt. A.

In an intersection type ty = ty; A ... A ty; each ty; is denoted as a component of ty.

Definition 5.2 ( Type scheme) The set of type schemes T'Se(TV') is the smallest set
with the following conditions:

e To(TV ) CTSe(TV)
o Ifty € TSo(TV) then Va.ty € TSe(TV ) where a € TV.

Type schemes are the types of classes. If a type variable in a type schemes is generalized
the variable can be substituted during the type inference.
For the inference rules we need a set of type assumptions for the methods and variables.

Definition 5.3 (Set of type assumptions) The set of type assumptions is a family
(map of indices to sets)

TSe(TV ) {id: 7 |id is an identifier, 7 € Type( Trc( BTV )) }.

The indices of the family are the class names and the identifiers are the field respectively
the method names of the class.
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Example 5.4 The sets

Oyatn = { + : int X int — int,
sqr : int — int}

and
Ovector = { add : Object — void,
len :— int }

forms the family of type assumptions

0= { OMath7 OVector }

The meaning of this set of type assumptions is as follows: In the classes Math respectively
Vector exist methods + and sqr respectively add and len with the respective types.

Now we declare the type inference system of Java 5.0. The type inference system consists
of rules for deriving types of identifiers, expressions, statements, and methods. Because
of this the type inference system is divided in four parts. Each part consists of an own
type implication relation:
First we consider the main implication relation for the type inference of a whole class.
We write

p »O

This means from the Java 5.0 program p the type assumptions of O for the fields and
methods of the classes of p are derivable. The class rule (fig. 5.3) describes the condition
for this derivation.

The condition in the class rule demanded the derivation of types for the statements of the
methods of the classes

(O, 7,7') >gumt stmts: 0

This implication means that under the type assumptions O in the class 7, which superclass
is 7/ the statements stmts have the type 6.
We write

(O, 7,7") > papr €xp: 0

if for the expression ezp the type 6 is derivable under the type assumptions O in the class
7, which superclass is 7/.

The rules for the expression are given in the figures 5.8, 5.9, 5.10, 5.11, and 5.12. For the
application of fields, variables, and methods a rule is necessary, which derives a type for
the respective identifier.

We write therefore

Op >ra frty

which means that for the identifier f the type ty is derivable in the class §. The ident
rule is given in figure 5.4.
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5.4.1 Type inference rule for one class
- Formalisierung der Spezifikation [GJSB05]: Wie kann man
beweisen, dass dies korrekt ist.

DAS SUBSTYPING BEISPIEL IN PIZZA+/JAVA BSP EINBEZIEHEN UND ALGO-
RITHMUS ANPASSEN

Now we will describe the rules for the derivation of the types of one class. These rules are
verbalized for the abstract syntax of Java 5.0 classes (see appendix A and cp. [BH9S]).
In the following we describe the different rules of the type inference system. All rules
have the following form: Under the assumption from a set of type assumptions a type is
derivation it holds that from another set of type assumptions a further type is derivation.
For this we assume that there are previous classes (called p), which methods are already
typed. We denote as an assumption for the derivation of the types of the methods from a
further class: p » O, which means that the set of type assumptions O is derived by the
Java 5.0 classes p, as explained above.

The basic idea of the inference system is, that we derive from known types of methodes
and fields the types the methods, which types are not determined so far. Therefore we
make some assumptions for thes so far not known types and prove with the inference rules
that these type assumptions are correct.

The main inference rules

COMPARE to [IPW99)]

Class rule: bind AUSWIRKUNGEN BETRACHTEN

The idea of the class rule (5.3) is, that we form three sets of type assumptions
O,, O field; O<tocat>- 1IN O, we make type assumptions for the methods of the class
7. In Oyaq the types of the fields of 7 are saved. Finally, in the set O<ocar>
type assumptions for local variables (the fields of the class, the parameters of the
respective methods, and the local declared variables) are made.

These three sets are added to the family of type assumptions O, which holds the
declared respectively derived types of other classes.

From this union of type assumptions for each method f,..., f,, of the class 7 the
assumed types are proved. This is done by the derivation of the types of the method
bodies, which are declared in the abstract syntax by a Block constructor. The type
of the Block constructor is derived by the statement rules (5.5).

If this prove is correct the already typed program is supplemented by the class 7
and from this union the generalization (gen) of the assumed types for the methods
of 7 are derivable.

The function gen : To(TV ) — T'Se(TV') is given as:

gen(6) =Va,...Va,r, for TVar(0) ={a,...,a,}
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p»O
vVi<i<m:
(O @] {T = (6,— @] Ofield)}u
{<local>— (Ofiera U {031 1 051, vig, 1 0igy 1) 1), 7,7")
> st Block( B;) : 6;

where
57 = {f1 : 91,1 X ... X 01,,“ —>9l1,...7fm : 9,”4 X ... X Gl,km —>9;n}
Ofieig ={ @1 : 71, ... &y i T }
for 1<i<m: 6;<*6;
[Class|
(p U Class(ClassName( 7 ), extends( 1)
InstVarDecl( z1, 71 ), ..., InstVarDecl( z,, 7, )
Method( f17 617 (?}111 : 01‘17 sy Uimyg - 61-,101 ), BlOCk( Bl ) )
Method( fr, Oy (Vi1 2 Omts - - s Vi © Ok )
Block( B, )))
»O U {gen(T) '—>67— @] Ofield}
p»OU{T—{fi:ty,,. ... e ks frn  tYm } }
p»OU{T—{fi:ty, ..., e : s s frn : tUm } }
[IntSec]

poOU{T—{fityy,. ... ety ANty, ..., fm  tym } }

Figure 5.3: Class rules

The generalization means that the type variables can be subsituted by any other
types. In O, and in Oyictq the type variables are not generalized. The reason for
this is, that during the type inference these type variables must not be substituted,
as it even should be proved that the method work for any type at this position. We
will explain the effect of type variables binding by an example for the ident—rule
(figure 5.4).

IntSec rule: The IntSec rule (fig. 5.3) summarizes the possibly different types, which
are derivable for a method to an intersection type.

The identifier inference rule

(O U {id: /\iel 0; })vay...Yan.0'
[Ident] 0<*¢.jel

Figure 5.4: Ident rule

Ident rule: The ident rule (fig. 5.4) derives the types for methods and variables.
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The substitute function o substitutes the generalized type variables by other types.
This means that the ident rule specializes the known types of the methods and
variables.

The following example shows the effect of type variables binding.

Example 5.5 Let the untyped class

class Add<a> {
addone (v) {
return v + 1;

}
}

be given. If we would make the obviously wrong assumption Oy, s = { addone : a —
int } the ident—rule can substitute the type variable a by int. As the argument type int
of the operator + is correct the assumed type addone : a — int would be proved. This is
obviously wrong. If we would not bind the type variable a, we would have to prove that the
argument type of +is a. This is not possible. Which would mean that the first assumption
s wrong.

The statement inference rules

The statement rules (fig. 5.5) derives the result type of a list of statements, which are
summerized in a Block. This means that only the Return statement(s) determine the type
of theses lists of statements. Therefore all other statements rules do not change the result
type.

The rules for statements type derivation are of the form

(O, 7,7") s statement : type.

This means: Under the assumptions O and in the class 7, which superclass is 7’ the
statement statement has the type type.
In the following we will consider the statement rules seperately:

BlockInit rules: The rules BlockVoidInit, BlockReturnInit, and BlockIfInit al-
lows to form a block of statements with only one statement. The type of this lonely
statement is passed to the block.

In the BlockIfInit rule the then— and the else-branch must have a type. In the
other case it would not be sure, that the respective method application gives a result
value.

Block_1 rule: The Block_1 rule adds a new statement of the type void to a consisting
block of statements. The type of the new statement is void. The type of the
extended block of statements is unchanged.

There are tree different possibilities if s; is a IfStmt (cp figure 5.6). Either the
IfStmt has the type void. Then the usual Block-rule is applicable. Otherwise the
Block_Ifl-rule respectively the Block_If2-rule is applicable.
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(O, 7,7") i stmt : 0

[BlockInit
(0, 7.7') >stme Block(stmt) : 6
[ | (O,7,7") >stmt Return(e): 60
BlockReturnlInit
(O, 7,7') >sumt Block(Return(e)): 0
[ | (O, 7,7") g s1:void, (O,7,7') g Block(sg;...58,; ) : 0
Block_1
(07 T, T’) D> Stmt BIOCk( 51,5253 50, ) 20
(0,7, 7') sy s1:0, (0,7,7") Dsym Block(sz;...i8,1 ) 1 ¢
Block 2 € MUB(0,0')
ock_2
(07 T, T,) B> Stmt BIOCk( 815525+ .+ 5n;3 ) 0
[R } (07 T, T/) |>Ewpr e:f
eturn
(O,7,7') >sum Return(e): 0
(O,7,7") >pgupr €:boolean, (O,7,7") >gym Block(B): 0
[WhileStmt]
(0,7,7") Bsum While(e,Block(B)) : 0
O/<10ca1> = O<local>\{ v } U {v : 5}
((O\O <local>) U O,<1oc31>a T, 7'/) D> Stmt BlOCk( 8§25+ -38n; ) 0
[LoVarDecll]
(O, 7,7") >gmt Block(LocalVarDecl(v); sg;...;8,; ) : 0
O’(local> =0 <local>\{ v b } (U] { v g}
((O\O <roca1s) U O qocarss T T') Dsime Block(s2;... 5805 ) : 0
[LoVarDecl2]

(O,7,7") > stm: Block( LocalVarDecl(v,0);s;...;8,; ) : 6

Figure 5.5: Statement Rules

Block 2 rule: The Block 1 rule adds a new statement of a type unequal to void to
a consisting block of statements. In this case the already existing Block-statement
must also have a type unequal to void. This means that it contains at least one
return—statemnet. The result type of the extended Block—statement is the greatest
lower bound of the both types.

Return rule: The type of the return statement is determined by the type of the expres-
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sion. Finally, this type determines the type of the whole Block, which includes this
return statement.

WhileStmt rule: The WhileStmt rule types a while statement by the type of the
block, which is the body of the while statement. Furthermore the expression which
represents the condition must be of the type boolean.

LoVarDecl rules: These rules extend the set of type assumptions by a typed variable
for the type determination of the following statements. If there is already a type
assumption for this variable in the set of type assumptions, this type assumption is
erased.

The two rules differ: In the first rule the local variable is declared typeless, while in
the second rule a type for the local variable is declared.

In Java 5.0 there is a possibility to extend a local variable declaration by a initial
assign of an expression to the variable. In the abstract syntax these assigns are done
by additional assign statements.

Here, we give no rule for the for statement. The for statement can be transformed to a
while statement. Because of this no rule for the for statement is necessary.

(O, 7,7") > papr €:boolean
(O, 7,7") >t Block(By): 0

[1£Stmt_if ty1]
(0,7, 7") >stme If(e,Block(By),e):0

(077', T/) D> pepr € boolean
(077—7 7—/) D> Stmt BlOCk( Bl ) : 9,
(O, 7,7") s Block( By) : void

[1£Stmt_if ty2]
(0,7,7') Bsumi (e, Block( By ), Block(By)) : 0

(077', T/) D> pepr € boolean
(077—7 7—/) D> Stmt BlOCk( B] ) : void,
(O,7,7') gt Block(By) : 0

[1fStmt_el ty]
(O, 7,7") >gtme If(e,Block( By ),Block(By)): ¢

(077', T/) D> pepr € boolean
(O, 7,7") >stmt Block( By ) : 0,
(O,7,7') >gums Block(By) : 0

[1rStmt _if_el_ty] 0 € MUB(0,,0,)

(O, 7,7") >gtme If(e,Block( By ),Block(By)) :

s}

Figure 5.6: IfStmt statement rules
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IfStmt rules: UEBERARBEITEN ALEE NEUEN REGELN BESCHREIBEN The If-
Stmt rules type if statements. Therefore the types of the blocks representing the if
branch respectively the else branch must have comparable types. The greater type
is the result type of the if statement. Furthermore the expression which represents
the condition must be of the type boolean.

(Oa T, 7—/) > Bapr ASSign( €1, €2 ) 20
[AssignStmt|
(O, 7,7") g Assign(eq, es) : void
(077—7 T,) DEIPT NeW( 91 (51: e en) ) 0
[NewStmt]
(0,7,7") Bsume New(0, (e1,....€,)) : void
(O,7,7") > papr NewArray(0,¢) : 0[]
[NewArray| —
(O,7,7") >gtme NewArray(6,e) : void
(O, 7,7") > papr MethodCall(e, f(e1,...,e,)): 0
[MethodCall]
O,7,7') s MethodCall(e, f(e1,...,e,)) : void

Figure 5.7: Expression statement rules

In the expression statement rules (fig. 5.7) types for statements are derived. The only
difference between expression statements and statements is, that expression statements
are additionally expressions. Therefore there are also expression rules for these statements
(compare fig. 5.8).

In the sense of statement type derivation all rules are axioms. The infered types are
always void.

The meanings of the conditions for the derivations in the four rules are explained during
the explanation of the type derivation for expressions.

The expression inference rules

The structure of the type derivation of expressions is the following: The type of an ex-
pression which includes subexpressions is determined from the types of the subexpressions
and the type of the applied function.

The rules for expression type derivation are of a similar form as the rules of the statement
type derivation:

(O, 7,7") > pupr €xp: type.
This means: Under the assumptions O and in the class 7, which superclass is 7’ the
expression exp has the type type.
In some rules we need a function lub, which determines the smallest arity of a method in
a given class.

Ueberpruefen,
ob der Assign-
Expression

den  Typ  der
Variablen oder
der Expression
bekommt.
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(0, 7,7") Dpapr €1:0,(0,7,7") Dpgpr €2:0 and
[Assign] 0<*¢ O g f:07x...x0,—0.
(O, 7,7") > papr Assign(er,es) : 0
Vi<i<n: (0,7,7") Bpupr € :0;, Remark The function lub is a partial function. The result is defined if there is an
(0} ...0,,,0) = 1ub( 0, <init>g, (61,...,0,)) unambiguously determined tuple with the given properties. If 1ub is called and no result
[New| can be given then the Java 5.0 programm in ambiguous, which means that the program
(0,7,7) Bpapr New(0, (e1,...,e,)): 0 is wrong.
The following two examples give wrong Java 5.0 programs where the function lub is not
(O,1,7") > e:int .
[New—] T Bapr ©- defined.
Array , — =
(O,7,7') > papr NewArray(0,¢) : 1] Example 5.7 Let the following Java 5.0 program be given:
(0,7,7') >papr v : 0 class M<A> {
Vi<i<n: (0,7,7) Bpupr €0 0;,
(07...0,,0) =1up(0, f,(61,...,0,)) M<A> p(Vector<A> v, Stack<A> w) {
Method—} M<A> () s
calt (O,7,7") > MethodCall(re, f(e en)):0 } retuIn nev '
sy Expr 2 1y-++56En .
[This] }
! e .
(0.7, 7') B papr this: 7 class N<A> extends M<A> {
[Super]
(O, 7,7') >pgapr super: 7’ N<A> p(Stack<A> w, Vector<A> v) {
' return new N<A>();
(v:0) € Ococar> 1
L?calOr—]
FieldVar (O, 7,7") >pgapr LocalOrFieldVar(v) : 6 }
o ") Dgapr €10, Oz Drgv:0 ¢lass Main {
[InstVar] (O, 7,7) D papr 7€ 6, o - public static void main(String[] args) {
(O0.7,7') gapr InstVar(re,v) : 0 Stack<Integer> s = new Stack<Integer>();
System.out.println(new N<Integer>().p(s,s));
(O,7,7") D> pgpr ind = int, (O, 7,7') Dpeyp € 60 1
[Array- ] }
Acc —
(0, 7,7") >pgupr ArrayAcc(e,ind) : 0

The program is not correct, as the call new N<Integer>.p(s,s) is ambiguous. The result
Figure 5.8: Expression rules of the corresponding call

Definition 5.6 (lub (least upper bound)) The fuction lub(N<Integer>,p, (Stack<Integer> Stack<Integer>))

lub: To(TV') x Identifiers x To(TV )" — To(TV) is undefined. The reason is that it holds
is defined by: -~ On<integers D>1q M : Vector<Integer> x Stack<Integer> — M<Integer>
1ub( 4, f,0;...0,)=(0,...0..0),
if (65 ...0)) is the smallest tuple with and

(01,...,0,) <" (07,...,0.) Oucinteger> 14 M : Stack<Integer> x Vector<Integer> — M<Integer>,
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but there is no derivation for the least upper bound
Stack<Integer> X Stack<Integer>
as an arity of m.

JEDE KLASSE BILDET EIN POSIG, TYPKORREKTEIT DER DES METHODEN-
CODE WIRD DURCH DIE REGEL BESTIMMT.

Proof: It is to prove that 7' in definition 5.6 is is unambiguous defined, if there is 7.
HIER WEITERMACHEN!!! Verweis theorem 77. [ ]

Now we will consider the expression inference rules (fig. 5.8) seperately:

Assign rule: The Assign rule types an assignment of an expression to a variable as an
expression. The assign expression get the type of the variable.

New rule: The new rule types the application of constructors. In the abstract syntax
of a class the constructors of the class 6 is denoted by <init>,.

In the rule first the types of the subexpressions and the argument types of the
constructor are determined. If these are fit, the applied constructor to the subtypes
gets the type of the class.

NewArray rule: A new array is determined by the type of the elements of the array and
by an index, which determine the dimension of the array. Therefore the expression,
which culculates the index must be of the type int. Then the type of the array is
the array type of the type of the elements.

Multidimensional arrays are declared by multiple application of the NewArray con-
structor.

MethodCall rule: The MethodCall rule is similar to the New rule. First the type of
the receiver object of the method application is determined. Then the types of the
subexpressions of the method application are determined. Finally the type of the
method is determined. Therefore the function lub (definition 5.6) is needed.

The result type of the application is then given as the result type of the determined
method.

This, Super rule: The type of this respectively super is given as the type of the actual
class respectively as the type of its superclass.

LocalOrFieldVar rule: These variables are known in the actual class. Either the vari-
able is a field of the actual class or it is a parameter respectively a local variable
of the actual method. This means that the type of the variable must be derivable
from the actual class or its superclasses. The smallest superclass 7, which includes
this variable is determined. Then the expression gets the type of the variable in 7.
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InstVar rule: In the InstVar rule first the type of the receiver is determined as in the
MethodCall rule. Then the smallest class, which greater than the receiver type,
where the field is declared, is determined. From this class the type of the variable
is derivable. Then, this type is the type of the expression.

ArrayAcc rule: In the ArrayAcc rule first the type of the index expression must be
int. Then the array type of the array is determined. From this follows the type of
the element of the array.

Literal expression rules

[IntLiteral]
(O,7,7") >pgapr Intliteral(n) : int
[BoolLiteral]
,7,7') g Boollitera : boolean
0,7,7") > papr BoolLiteral(h) : bool
[CharLiteral]
(O, 7,7') > pgapr Charliteral(c¢) : char
[NullLiteral]

(0, 7,7") >gapr Null 2 ¢’

Figure 5.9: Literal expression rules

The inference rules in figure 5.9 determines the types of literals. Literals are also expres-
sions.

IntLiteral, BoolLiteral, and CharLiteral rule: These three rules determines the (base)types

for the respective literals.

NullLiteral rule: The literal null is the null pointer for objects of any class. This means
that null gets any reference type.

Unary expression rules

The unary expression rules (fig. 5.10) determines types for the standard functions of
Java 5.0 with one argument:

UnaryMinus rule: The unary minus transforms an int expression to its negative. There-
fore in the pre-condition of the rule the type of the expression must be int. Then
the type of the application of UnaryMinus to the expression is also int.
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(O, 7,7") D pgpr €:1int

[UnaryMinus]|
(O, 7,7') >pgapr UnaryMinus(e) : int
[ | O,7,7) D> pepr € DoOlean
Not
(O,7,7') >pgapr Not(e): boolean
[C ] (077-7 7-/) DEo:pr e:0
ast

(07 T, T/) DEmpr Cast(?, C) 20
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Boolean binary expression rules

Figure 5.10: Unary expression rules

Not rule: The Not rule works as the UnaryMinus rule.

Cast rule: A type cast transforms an expression of any type in an expression of the type
which is given in the cast. Therefore the type of the cast expression is the type,
which is given in the cast operation.

Integer binary expression rules

[ ] (077—7 7-/) DEacpr €1 int7 (077-7 T/) DE'o:pr €z @ int
Add
(O, 7,7") > papr Add(er,es) : int
(Minu] (O, 7,7") > pupr €1 :1nt, (0, 7,7) Dpype €2 int
mus
(O, 7,7") > papr Minus(eq,e2) @ int
: | (O,7,7") Dgapr €1 :int, (O, 7,7") D>pypr €20 int
Mul
(O, 7,7") >pgupr Mul(er,es) @ int
: : (O,7,7") Dgapr €1 :int, (O, 7,7") D>pypr €20 int
Divide
(0,7,7") >pgapr Div(er,er) @ int
’ s ’ s
b )
(O,7,7") Dgapr €1 :int, (O, 7,7") D>pypr €20 int
[Modulo]
(0, 7,7") >pgupr Mod(eq,es): int

Figure 5.11: Integer binary expression rules

The integer binary expression rules (fig. 5.11) have the same structure. In each pre-
condition two int expression are demanded. The functions Add, Minus, Mul, Div, and
Mod are applied to these two expressions. The result type is in each case int.

: | (0, 7,7") Dpapr €1:0,(0,7,7") > €2 0
Equal
(O,7,7") >papr Eq(er,es) : boolean
: | (O, 7,7") Bpapr €1:0,(0,7,7") >Egp €2 0
NotEqual
(O,7,7") >gapr NEq(er,e2) : boolean
: | (0, 7,7') Dpapr €1 :1int, (0, 7,7") Dpgp €2 @ int
Less
(O,7,7") >papr Less(er,es) : boolean
: | (0, 7,7') Dpapr €1:1int, (0, 7,7") Dpgpe €20 int
LessEqual
(O, 7,7') D>pypr LessEq(er,es) : boolean
: } (0, 7,7') >papr €1 :1int, (O, 7,7") gy €2 int
Greater
(O, 7,7") > papr Greater( ey, ey) : boolean
: | (0, 7,7") >papr €1 :1int, (O, 7,7") gy €20 int
GreaterEqual
(O, 7,7") > papr GreaterEq( e, ez ) : boolean

Figure 5.12: Boolean binary expression rules

The structure of the binary predicates (boolean binary expressions, fig. 5.12) is very
similar to the structure integer binary expression. In the boolean binary expressions
merely the result type is boolean.

A little different are the Equal and the NotEqual rule. Here, the argument types are
arbitrary.

Now we consider an example for the type inference rules.

5.4.2 Type inference example

HIER WEITERMACHEN UND BEISPIEL AUF KONFORMITAET MIT REGELN
PRUEFEN

In this section we show as an example the type inference for the mul method from the
Matrix example (example ?7?). For this we omit the type declarations of the parameter
and the local variables. Furthermore, we transform the for-loops into while—-loops, as the
type inference for while-loops is more obvious, although it would work for the for-loops
as well (fig. 5.13).

This concret syntax is transformed to the Java 5.0 abstract syntax (cp. appendix A):
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class Matrix extends Vector<Vector<Integer>> {

mul(m) {
ret;
ret = new Matrix ();
i=0;
while(i < size()) {
vi;
vl = this.elementAt(i);
v2;
v2 = new Vector<Integer> ();
Js
=0
while (j < vi.size()) {
erg;
erg = 0;
k;
k = 0;
while (k < vl.size()) {
erg = erg + vl.elementAt(k).intValue()
* (m.elementAt(k)).elementAt(j).intValue();
k++;
}
v2.addElement (new Integer(erg));
j++;
}
ret.addElement (v2);
i++;
}
return ret;
}
Figure 5.13: The Java 5.0 class Matrix
absMatrix =
class(

ClassName(Matrix ),
extends( Vector<Vector<Integer>>),
Method(mul,
@:
(m:0),
Block(
LocalVarDecl( ret );
Assign( LocalOrFieldVar( ret ), New(Matrix, ()) );
LocalVarDecl( 1 );
Assign( LocalOrFieldVar( i), IntLiteral(0) );
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WhileStmt(

Less( LocalOrFieldVar( i), MethodCall( this, size( ) ) ),
Block(
LocalVarDecl(v1);
Assign( LocalOrFieldVar(v1),
MethodCall( this, elementAt( LocalOrFieldVar(i) ) ) );
LocalVarDecl(v2);
Assign( LocalOrFieldVar(v2 ), New( Vector<Integer>,()));
LocalVarDecl( j );
Assign( LocalOrFieldVar(j ), IntLiteral(0) );
WhileStmt(
Less( LocalOrFieldVar(j ),
MethodCall( LocalOrFieldVar(v1), size( ) ) ),
Block(
LocalVarDecl( erg );
Assign( LocalOrFieldVar(erg), IntLiteral(0) );
LocalVarDecl(k);
Assign( LocalOrFieldVar(k ), IntLiteral(0) );
WhileStmt(
Less( LocalOrFieldVar(k ),
MethodCall( LocalOrFieldVar(v1), size( ) ) ),
Block(
Assign(
LocalOrFieldVar( erg ),
Add( LocalOrFieldVar(erg ),
Mul( MethodCall(
MethodCall( LocalOrFieldVar(v1),

elementAt( LocalOrFieldVar(k) ) ),

intValue( ) )
MethodCall(
MethodCall(
MethodCall(
LocalOrFieldVar(m),

elementAt( LocalOrFieldVar(k) ) ),

elementAt( LocalOrFieldVar(j) ) ),
intValue( ) ) ) ) );
Assign(
LocalOrFieldVar(k ),
Add( LocalOrFieldVar(k ), IntLiteral(1) ) ) ) );
MethodCall(
LocalOrFieldVar(v2),
addElement( New( Integer, (LocalOrFieldVar(erg))) ) );
Assign(
LocalOrFieldVar( j)
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Add( LocalOrFieldVar( j ), IntLiteral(1) ) ) ) );
MethodCall( LocalOrFieldVar( ret ),
addElement( LocalOrFieldVar(v2) ) );
Assign( LocalOrFieldVar( i),
Add( LocalOrFieldVar( i), IntLiteral(1) ) ) ) );
Return( LocalOrFieldVar(ret) ) ) ) )

Now we will present the derivation of the types for the above program. Derivations of
inference rules like this works in the following way. First we will make an assumption for
the family of type assumptions Oy, vector<a>: OInteger: and Oyatrix.

The sets of type assumptions Oy yector<a> and OIpteger are directly given by a cutout
of the signature of the coresponding classes:

Ovpvector<a> = { elementAt : int — a

addElement : A — void

size :— int }
and

Ornteger = { <iNit>rpgeger 1 int — Integer
intValue :— int }

Furthermore, we need a set of type assumptions Oyagrix. As the class Matrix has no fields,
only an assumption for the method mul is needed. If we had made such an assumption,
we must prove that this assumption is correct by the given inference rules. In this section
we will give the assumption not until we have given the prove by the inference rules. This
means we will derive this assumption by the inference prove.
Let in the following 7 = Matrix and 7/ = Vector<Vector<Integer>>.
If we regard the Block rule, we see that we have to start at the end of the block. Therefore
the first type which must be infered, is the type of the statement Return( LocalOrFieldVar( ret)
). If we, furthermore regard the Local VarDecl rules, we see, that by these rules the set of
type assumption is extended. This means that for the derivation of Return( LocalVarDecl( ret )
) the set of type assumptions Oqjocar> must be extended by { ret : Matrix, i : int }!. The
set extended in this way is denoted by O%,..1> and the whole family is denoted by O'.
Now, we can start:

O/qocal) >7q ret : Matrix

LocalOr-

Feiavar | (O, 7,7") >pgapr LocalOrFieldVar(ret) : Matrix

[Return] — - :

[Block-} (O',7,7') >sumt Return(LocalOrFieldVar(ret)) : Matrix

Init (O, 7,7") >gtmt Block( Return( LocalOrFieldVar(ret))) : Matrix (5.1)

The next step is to derive the type of the outermost loop. With this result, we can then
apply the Block rule, again (compare (5.14)). For this loop the set of type assumptions

If we would make the type assumption ret : Vector<Vector<Integer>> we would get also an correct
inference.
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Ol1ocar> Must be extended as in the main block. Here the extension is given by {v1 :
Vector<Integer>, v2 : Vector<Integer>, j : int }. The set extended in this way is
denoted by O%,...> and the whole family is denoted by O”.

The last statement in this loop is

Assign( LocalOrFieldVar( i), Add( LocalOrFieldVar( 1 ), IntLiteral(1) ) ).
The result of the rule LocalOrFieldVar is
(0", 7,7') >papr LocalOrFieldVar(i) : int
and the result of the rule Add is
(O",7,7") > pupr Add(LocalOrFieldVar( i), IntLiteral( 1)) : int.
From this follows:

1" ’ . RN
LR Expr .
(O",7,7") > papr LocalOrFieldVar(i) : int
(0", 7,7') >pgap Add(LocalOrFieldVar( i), IntLiteral(1)) : int

AssignStmt
[ ¢ ] (O/l’ T, 7—/) B> Stmt
Assign( LocalOrFieldVar( 1),
Add( LocalOrFieldVar( i), IntLiteral(1))) : void (5.2)

The next step is the derivation of the type of
MethodCall( LocalOrFieldVar( ret ), addElement( LocalOrFieldVar(v2))).
The type is derived by the expression statement MethodCall rule:
(0", 7,7") > pgypr v2: Vector<Integer>,

(O",7,7") >papr LocalOrFieldVar(ret) : Matrix
(Vector<Integer>, void) = lub(Matrix,addElement, Vector<Integer> )

[MethodCall]
(0”7 T, T’) D> Stmt
MethodCall(LocalOrFieldVar( ret ),
addElement( LocalOrFieldVar(v2) ) : void (5.3)

The next step is to derive the type of the next loop. With this result, we can apply the
Block rule. For this loop the set of type assumptions O, ..;, must be extended as in the
outermost block. Here the extension is given by {erg : int, k : int }. The in this way
extended set is denoted by O, .., and the whole family is denoted by O

Analogous to (5.2) in the outermost loop the following type is derived:

(Oma T, 7-,) D> Stmt
Assign( LocalOrFieldVar( j ), Add( LocalOrFieldVar( j ), IntLiteral(1))) : void (5.4)
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Then, the type for
MethodCall( LocalOrFieldVar( v2 ), addElement( New( Integer, (LocalOrFieldVar(erg)))))

is derived.
First the New rule is applied

(0", 7,7') >pupr New(Integer, (LocalOrFieldVar(erg))) : Integer
With the MethodCall rule follows then
(0", 7,7") B>Stme
MethodCall( LocalOrFieldVar( v2),
addElement( New( Integer, (LocalOrFieldVar(erg))))) : void. (5.5)

The next step is the type inference for the inner loop. First analogous to (5.2) and (5.4)
the following type is derived:

ua /
(0", 7,7") B Stmt
Assign( LocalOrFieldVar(k ), Add( LocalOrFieldVar(k ), IntLiteral(1))) : void  (5.6)

In the assignment to the local variable erg a type assumption for the method parameter
m is needed. From the method elementAt, which is called on m follows that m must be a
Vector<A>. If we further consider that on the result of this method the method elementAt
is called again, then the type of m must be Vector<Vector<A>>. Finally, on the result
of the method, the method intValue is called, which means that m must have the type
Vector<Vector<Integer>>2 These considerations lead to the extension of Opatrix by
{m: Vector<Vector<Integer>>}. This means that Oy, ¢ iz OMatrix: 84 Offarrix 81€
also extended in this way.
Then with the MethodCall, the Mul, the Add, and the AssignStmt rule follows
(()///7 ,7_’ ,7_/) Dstnlt
Assign( LocalOrFieldVar(erg),
Add( LocalOrFieldVar(erg)
Mul( MethodCall( MethodCall( LocalOrFieldVar(v1 ),
elementAt( LocalOrFieldVar(k) ) ),
intValue( ) ),
MethodCall( MethodCall( MethodCall( LocalOrFieldVar(m),
elementAt( LocalOrFieldVar(k) ) ),
elementAt( LocalOrFieldVar(j) ) ),
intValue( ) ) ) ) ): void (5.7)

For the termination condition of the inner loop it holds with the Less rule:

(O///7 T, T/) D> Bapr
Less( LocalOrFieldVar(k ),
MethodCall( LocalOrFieldVar(v1),size( ))) : boolean (5.8)

2As Matrix is a subtype of Vector<Vector<Integer>> the assumption m : Matrix would also be
possible. Later we will see that really both assumptions are solutions and that these two assumptions
leads to a more general type of the method mul than we declared in chapter 2.
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From (5.6), (5.7), and (5.8) with the BlockInit and the Block rule the pre-conditions of
the WhileStmt rule are fulfilled. Then, with the WhileStmt rule follows

(OW77—7 7—/) B> Stmt
WhileStmt(
Less( LocalOrFieldVar(k ),
MethodCall( LocalOrFieldVar(v1), size( ) ) ),
Block(
Assign( LocalOrFieldVar(erg),
Add( LocalOrFieldVar( erg)
Mul( MethodCall( MethodCall( LocalOrFieldVar( v1),
elementAt( LocalOrFieldVar(k) ) ),
intValue( ) ),
MethodCall( MethodCall( MethodCall( LocalOrFieldVar(m ),
elementAt( LocalOrFieldVar(k) ) ),
elementAt( LocalOrFieldVar(j) ) ),
intValue( ) ) ) ) ) ) ) : void (5.9)

With the Assign, the BlockInit, and the Block rule follows:

(0", 7,7") >stmt Block( Assign( LocalOrFieldVar(k ), IntLiteral(0) );
WhileStmt( ... );
MethodCall( LocalOrFieldVar(v2), ... );
Assign( LocalOrFieldVar(j), ... ) ) : void (5.10)

Then the LocalVarDecl1 rule can be applied:

(5.10)
i

St OYector<as: OIIHntegezr7 OMatrix: Ollocar> \{ k2 int } 1,7, 7") Byt
Block( LocalVarDecl(k );
Assign( LocalOrFieldVar(k ), IntLiteral(0) );

WhileStmt( ... );
MethodCall( LocalOrFieldVar(v2), ... );
Assign( LocalOrFieldVar(j), ... ) ) : void (5.11)

Analogous follows then

(C)N7 T, T/) > stmt
Block( LocalVarDecl( erg )

Assign( LocalOrFieldVar(erg), IntLiteral(0) )
LocalVarDecl(k );
Assign( LocalOrFieldVar(k ), IntLiteral(0) );
WhileStmt( ... );
MethodCall( LocalOrFieldVar(v2), ... );
Assign( LocalOrFieldVar(j), ... ) ) : void (5.12)
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From this follows

(0", 7,7") & gtmt WhileStmt(
Less( LocalOrFieldVar( j ),
MethodCall( LocalOrFieldVar(v1), size( ) ) ),

Block( LocalVarDecl( erg)
Assign( LocalOrFieldVar(erg), IntLiteral(0) ) (5.13)
LocalVarDecl(k );
Assign( LocalOrFieldVar(k ), IntLiteral(0) );
WhileStmt( ... );
MethodCall( LocalOrFieldVar(v2), ... );
Assign( LocalOrFieldVar(j), ... ) ) ) : void

Analogous follows that the type of the middle while loop and the outermost while loop
has the type void. With the Block rule and (5.1) follows then

(O, 7,7") > g1t Block( LocalVarDecl( ret );
Assign( LocalOrFieldVar( ret ), New(Matrix, ()) );
LocalVarDecl(1);
Assign( LocalOrFieldVar( i), IntLiteral(0) );
WhileStmt( ... );
Return( LocalOrFieldVar(ret) ) ) : Matrix (5.14)

This allows to apply the Class rule:

{Class( Classname( Integer),...),
Class( Classname( Vector<A>),...)} »{ O1nteger: Ovector<a> }, (5.14)

[Class|
{ Class( Classname( Integer),...),

Class( Classname( Vector<A>),...)}U
Class( ClassName(Matrix ), extends( Vector<Vector<Integer>>)
Method(mul, Matrix, (m : Vector<Vector<Integer>>)

Block( LocalVarDecl(ret),...)))
> { Otnteger: Ovector<a> } U

{Matrix — gen( {mul : Vector<Vector<Integer>> — Matrix}) (5.15)

This means that the result of this inference is the typed method
mul : Vector<Vector<Integer>> — Matrix.

If we remember that for the parameter m of the method mul we can make also the
type assumption Matrix, then we can derive analogously the type Matrix — Matrix
for this method. As we can additionally make the assumption that ret has the type
Vector<Vector<Integer>> the IntSec rule dirives an intersection type with four com-
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ponents:

p » { Otnteger: Ovector<a> } U
{Matrix — {mul : Vector<Vector<Integer>> — Matrix
A Matrix — Matrix
A Matrix +— Vector<Vector<Integer>>
N Vector<Vector<Integer>> +— Vector<Vector<Integer>>
(5.16)
where p is the abstract syntax of the classes Integer, Vector<A> and Matrix, as in (5.15).
If we compare the result of (5.16) with the typed example (example ??) in chapter 2 we see
that the method mul is also applicable to an object typed by Vector<Vector<Integer>>
and the result type can be also Vector<Vector<Integer>>. In we try to interprete this
semantically, this means that the instance, which is mapped to the parameter m and
the instance, which is returned by the method mul, needs respective no method mul.
Furthermore the means that the infered type is more general than the declared type.
This is an example for the major advantage of type inference, that the user need not to
declare the exact subtype and the exact type instances for parameters, local variables,
and results of methods.
WEITERES BEISPIEL VectorAdd.tex

5.4.3 Principal type property

bind AUSWIRKUNGEN BETRACHTEN

In this section we will define most principal types for the methods of Java 5.0 classes.
Then, we will show that the most principal types are derivable by the type inference
system. Finally the most principal types will be the results determinded in the type
reconstruction algorithm, which we will present in the next section.

First, we introduce the problem by a small example:

Example 5.8 We consider the method get of the class Vector<a>. The well-known type
of the method is
get :— a.

But if we would consider the declaration the type
get :— Object

and the type
get :— Integer

would also be derivable. But this means that then by the IntSec rule the intersection type
get :— Integer\ — Integer
would also be valid.

In this section we will no define one type, the most principal type, which is the initial
point for all type derivations.
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Definition 5.9 (Most principal type) Let p » O with (O' U {id : ty})s € O. The
type ty is called most principal type of the identifier id if for all deriveable types T of the
identifier id (which means that there is O with p » O and Oy >4 id : T) it is also valid

(O/ @] {id:ty})g >rg id:T.

Theorem 5.10 (Existence of the most principal type) Letp be a Java 5.0 program.
Then, for each derivation p » O with (O U {id : ty })g >1q id : T there is a most principal

type ty of id with ty = N, 0; where the index set I is finite and there is a j € I and a
substitution o with o(0;) = 7.

Proof: From the Ident rule and the IntSec rule follows that a type ty = Nier 0; with
the property that there is a j € I and a substitution o with U(gj) = 7 exists. But it is
not obvious if 7 is finite.

For the proof of the finiteness of I we consider the causes for p » O. In the class rule
for the respective block of the method the return type must be derived under the type
assumptions of the class methods. The only possibilities to multiply types of the methods
are the identifier type derivation in the MethodCall rule (figure 5.8) and the NullLiteral
rule (figure 5.9).

In the MethodCall rule there are only a finite number of type assumptions for the
respective identifiers. The types 6; for 1 <i<n are derived if the most general instances
of these finte number of types, with which a type for the block is deriveable, are derived
in the MethodCall rule.

The NullLiteral rule leads only to different types of a method, if the statement return : null

is given. But in this case all different derived type are instances of the most general type
represented by a type variable. [ ]

We have proved, that there is for each method of any Java 5.0 class a most principal type.
Now we will consider the uniqueness of the most principal type. For this we consider the
structure of the type system more detailed. First we define an equivalence relation on the
set of type terms.

Definition 5.11 (Equivalent type terms) Two type terms 6 and 7 are equivalent (in
sign: 0 ~ 1) if they are in the reflexiv, symmetric, and transistive closure of the relation
which defined by the following conditions:

1. It holds o(0) = 7 and o'(7) = 0, where 0 and T are either base types or simple
types.

2. It holds 0 = /\f)i, T= /\Ti, where all 0; and T; are base types or simple types, and
el i€l
there is a permutation © such that for all 1<i<n: 0; ~ Tr(4).

3. There is a type 0 with T = 0 A é, where 0 is a base type or a simple type and there

are types 0,0 with 0 = 0 A8 and there is a substitution o with 6 = a(h).

102 CHAPTER 5. TYPE INFERENCE

The equivalence relation ~ defines equivalence classes [0]. = {0 | 0 ~0}.
A representant of an equivalence class [0)~ is a type term \,.; 0; where the cardinal number
of the index set I is minimal.

iel

With the first condition types with renamed variables are considered as equivalent. The
second condition allows any range of the intersections in equivalent types. The third
condition determines that if an intersection type has one type and an instance of this
type as type, then the types are considered as equivalent.

Now we give for the first three conditions examples.

Example 5.12 Let © = {0© 0W 1} with ) = {Vector}, 0 = {Integer} and
a,b € TV type variables. Then, the following holds:

1. Vector<a> ~ Vector<b>
2. (Vector<a> A Object) ~ (Object A Vector<a>)

3. Vector<a> ~ Vector<a> A Vector<Object>

Vector<a> is a representant of the equivalence class [Vector<a>|..

The next example shows, why the three conditions of definition 5.11 determine no equiv-
alence relation respectively why the reflexive, symmetric, and transitive closure building
is needed.

Example 5.13 Let 6 = Vector<a> and 7 = Vector<b> A Vector<Integer>. Then it
holds T ~ Vector<b> (condition 3) and 0 ~ Vector<b> (condition 1). But with the first
three conditions it do not hold 0 ~ 1. With the transistivty property it holds 6 ~ 7.

Remark The definition of the representant is very important as the type reconstruction
algorithm in the next section determines for each method a representant of the most
principal type.

Theorem 5.14 (Uniqueness of the most principal type) The most principle type
of a method id in a class 0 is unique modolo equivalence. This means if p » O with
(OU{id:ty})g € O andp »O" with (0" U {id : ty' })g € O, where ty and ty' are both
most principal types, then it holds ty ~ ty'.

Proof: We assume p »O with (O U {id : ty})g >rg id : 7. As ty' is also a most
principal type it holds p » O" with (O" U {id : ty' })g >4 id : 7. Then, we have to prove
ty ~ty

With the Ident rule follows that ty and ¢y’ contains simple types or base types T respec-
tively 7', such that there are substitutions o and ¢’ with o(7) = 7 and ¢/(7') = 7. But
this means that either holds 7 = 7’ or in the other case from the fact that each type of
a type assumption of a identifier itself is also derivable as type of the identifier and the
fact that ty and ¢y’ are most principal types follows (O U {id : ty })s >rq id : 7 and
(O U {id:ty })g >4 td: 7. But this means that 7 A7 is a part of ty and ty'.
Inductively over all types of ty respectively ty’ follows then ty ~ ty/.

correct => sound
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5.5 Type Reconstruction

In the following type inference rules as well as in the type reconstruction algorithm (section
5.5) sometimes the type variables and the variables of the pattern assumptions must be
refreshed. This means that all variables are substituted by new variables. We denote this
refreshing process by the function call fresh(6).

Now, we will present a type reconstruction algorithm for OBJ-P programs. The goal is to
reconstruct the type declarations of non-explicitly typed programs such that it corresponds
to the type inference rules of the previous section.

In the next section we present the algorithm and in section ?? we will prove its soundness
and completeness wrt. the type inference rules.

5.5.1 Type Reconstruction Algorithm
- Wie detaiiert soll der Beweis sein, dass TI-Regeln dem Al-
gorithmus entsprechen?

The type reconstruction algorithm TRprog reconstructs types and replicates equations for
groups of equations declaring mutually recursive functions. This means TRprog must be
applied step by step to each group of equations of an OBJ-P program. The result of an
application of TRprog to a group of equations is the input of the TRprog application of the
next group of equations. The type reconstruction algorithm works only if the function
symbols of the group or the length of the arities of the function symbols are pairwise
different. This precondition assures that there is no overloaded mutual recursive function
call, as demanded in section ?7?.

As said in section 7?7, the types of the equations are determined by two different type
declarations in the program. On the one hand the types of the function symbols are
declared by op declarations and on the other hand the types of the variables of the
patterns of the equations are declared by vars declarations. These unusual variable type
declarations are necessary such that no equation is overloaded.

Our type reconstruction algorithm reconstructs the type declarations of the function sym-
bols as well as the variables type declarations. Therefore, equations can be overloaded
in a yet not typed OBJ-P-program. In this case the type reconstruction algorithm adds
copies of equations and rebuild the patterns such that the equations are not overloaded.
The type reconstruction algorithm needs the type unification algorithms of chapter 4. We
denote the algorithms by TUnify, and TUnify <. <--1), respectively.

Type Reconstruction for groups of Mutual Recursive Equations

Consider a group of equations:

rec is
expy = exp]
I T
€Tpy, = €IP,
endr.
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The reconstruction of the types and the replicate process of the corresponding equations
are determined in two steps. First, the types of the left hand sides (patterns of the
equations) are determined by the function TRL. After that, the types of the equations are
determined by the function TRR; which reconstructs the types of the right hand sides,
where the results of TRL are the inputs for TRR. The reconstruction of the left hand sides
is easier, as patterns are terms without any recursive function calls. For the reconstruction
of the right hand side an assumption of the type of the actual function symbols is needed,
which must be adapted if the type of a recursive function call or the types of the variables
are reconstructed.

The start function TRprog takes as arguments a set of type assumptions A, a set of typed
variables V4, and a group of OBJ-P equations. A contains type assumptions for the
function symbols and V,;; contains typed variables which are determined before, either
user declared or reconstructed from previous groups of equations.

The result of TRprog is a triple of a set of reconstructed type assumptions for the function
symbols, a set of reconstructed typed variables, and a set of equations. The set of type
assumptions contains the union of A and the reconstructed types for the function symbols
of the group of OBJ-P equations. The set of typed variables is the union of V,;; and the
set of reconstructed typed variables. The result set of equations contains the rebuilt copies
of the given group of OBJ-P equations.

Furthermore, there are four conditions on the type term ordering and the set of type
assumptions, which are transfered from the polymorphic order-sorted theory:

e The ordered set of type terms must be unitary (definition ?7?)
e The closure of type term ordering must be well-formed.

e Each type term over the function symbols must have a least principal type (regu-
larity, definition ?7?).

e For any result type of an overloaded function symbols there is a maximal principal
arity of the function symbol (coregularity, definition ?7?).

These conditions are preconditions for the set of type assumptions A as well as conditions
for the result of the type reconstruction algorithm. If these conditions are not fulfilled for
the result then the OBJ-P—program is invalid.

The set of type assumptions A contains a type assumption ite : (bool, x) X (a,y) X (a,z) —
a which stands for the if then else fi construction. During the whole algorithm we
assume that A and V4 are global variables, as they are not changed.

BEARBEIETET START

Before we present the type reconstruction algorithm we give its main data structures:
The set of type assumption A is, similar to the set of type assumption of the type inference
rules, a family, which maps class names (types) to the family of its typed fields and
method names. In difference to the family of type assumptions of the inference rules, now
intersection types are needed. For technical reasons, we map each method and its number
of arguments (as its index) to an intersection type:

Irgendwie gab
noch  eine
Ueberlegung ~ von
wechselseitiger
Rekursuion in
Klassen und

Packages,  wenn
mehrere Klassen
in einer Datei

implementiert
sind, dass dann
die Methoden alle
gemeinsam getypt
werden. Vielleicht
steht es auch noch
woanders.

The types of the
fields can not be
a  type schema,
because a type
variable in a type
of a field means,
that in instances
of  this class
objects of all types
can be instatiated.
Therefore  durine



INHALT VON

A Il Ag erbt
alle Methoden
m von Ay mit

0,0y € Inh,
wobei es in Ag
keine Methode

gibt deren Argu-
menttypen mit
denen  von
unifizieren. 11!

Wahrscheinlich
sollte  eher fest-
gelegt werden,
dass keine Instanz
eines Typs einer
Methode Typ einer
anderen Methode
ist.
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(m™ : (Vayy ... (Yogy, (611 X ... X 01, — 01))...)
JANRAN
(Y1 (Fp (B3 X o X O = 0,)) ) € Ay

where A = (AG)G is a class

Let Tre( BTV') be the set of type terms over the type signature (STypers( BTV ), TC')
on declared Java 5.0 classes and < a type term ordering on Tre( BTV'). Furthermore
we need FC( <).

The Java 5.0 class which methods should be typed is given as an abstract syntax tree (cp.

" appendix A) of the following form:

class( ClassName( 7 ), extends(7’),
InstVarDecl( 1,0, ) , ..., InstVarDecl( z,, 6, )
Method( fi,
rety;,
(U1,1 R el,kl)
Block( By) )

Method( f.,
rety,,,
('Um71 . em,l < Umky, - 9771,,]6‘17))

Block( B, ) ) )

In the following we denote sets of type assumption as Ay, which is an abbreviation for
the set of type assumptions A excluding the type assumptions for the function symbols
f with n argument positions.
During the type reconstruction for each assumed type of the intersection type of a method
there is a triple

(0,0,V)

generated, where

e 0 is a substitution which maps type variables of the originally assumed types to the
types which are reconstructed for the type variables

e () stands for the result type of the actual expression or statement list.
e 1 is set of type assumptions of

— the actual method (for recursive calls)
— the fields of the actual class
— local variables

The following variables are considered as global in the whole type reconstruction algo-
rithm.
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e act_cl contains the type 7 of actual class jclass

the type term ordering of the declared Java 5.0 classes: <

the finite closure FC( < ).

e A is the set of type assumptions for the already reconstructed type, indexed by the
class-names.

HIER WEITERMACHEN:

- Alte obj-p Funktionen rausschmeien

- neue Funktionen erlutern und nochmals berprfen

- Beispiel durchrechnen

- Feststellen, ob V bei den Klassen ntig

- 0 ueberpruefen, ob die Rueckagabe noetig und ob bei der Unifikation einheitlich Teile
rausgeschissen werden.

- actual functions symobols durch methods of the actual class ersetzen - LocalOrFiledVar
in LocalVar abndern. Die Unterscheidung ist in der abstrakten Syntax nach einem ersten
Durchlauf der statischen Semantik klar.

- Beweis, dass der Algorithmus den Regeln entspricht

Algorithm 5.15 (TRprog) The algorithm is the main procedure of the type recon-
struction which calls the different sub-functions.

TRprog( A, jelass) =
let
NewTVar( jclass ) = class( ClassName( 7, extends(7') ),
InstVarDecl( 1,01 ) , ..., InstVarDecl( z,, 0, )
Method( fl, retyl, (’1}1‘1 : 9171 S Uy 911/61), B]1 )

Method( fo, 7ety,,, (Vi1 Ot - - Vmky, * Ok )s Bl ) )

(1) Vfields,meth,ods = {thiS.fL‘l N 91, . 7thiS..’L‘O . 90}
U{fi:011%x...%x 0, — rety, }

UA{ fon i O X oo X Oy, — Tety,,
@) Vi={wvi1:011... 010 01k }

Vi :7{ U1 - 9,,111; Vo © Omton }
3) {(61,V1),...,(01,V}) } = TRstart((Bl, ...
in
let
A, = intersec (A U clear( U bind( TVar(7),V;)))
1

) Blm)7 (‘/17 R Vm)7 Vfields,methods )

DAS GANZE
NOCHMALS
FUER WECH-
SELSEITIG
REKURSIVES
BEISPIEL  AUS-
PROBIEREN!!!

gehoert das A tat-
saechlich ins inter-
sec?
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ucberall auf die
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Typen angewandt?
vgl. TRmultiply
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werden.
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in
AUA,
end
end

The algorithm TRprog first determines by the funtcion NewTVar new type variables as
types for parameters and return types of the methods where the type is not explicitly
given. In explicitly given types the containing type variables are considered as type
constants, because it is not allowed to substitute these type variables during the type
reconstruction.

The set of type assumptions Vieigs methods contains the type assumptions for all methods
of the class jclass. The sets Vi,...,V,, contain the type assumptions for the parameters
of the respective methods.

The function TRstart calls the type reconstruction of the blocks of the respective methods.
The results are sets of pairs, which contain a type unifier o; and a set of type assumptions,
with the reconstructed types. The type unifier is no longer needed at this point, because
they have been already used to reconstruct the type assumptions.

The function clear removes the assumptions for the parameters and the local variables.
Finally, the intersection types of the reconstructed types of the methods are built (intersec).

Sub-functions of the type reconstruction
The type reconstruction is started by the function TRstart.

Algorithm 5.16 (TRstart) The function TRstart controls the type reconstruction of
the different methods.

TRstart( (Bll, . Blm), (Vl, . Vm), Vfields,meth,ods) =
let
Vo - @
rety = { ([]7 Vf’iclds,mclhods) }
let-foreach 1<i<m:
ret; =
let
{ (0'1, ty], ‘/1)7 ceey (()'7,,7 tyrm Vn) } = TRNextl\/Ieth(Vi,l,V,;, T'Eti—lv Bl, )
let-foreach 1< j<n:
0; = RetType( fi,V;)
unify; = TUnify < (ty;,0;)
in
U { unify, sub(unify, V; ) | unify € unify; }
1<
end
in
relm
end
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The types of the blocks, which determine the respective methods are reconstructed step
by step by the function TRNextMeth. During this reconstruction the types are adapted.
After the type reconstruction of a block, the return type of the block and the return type
of the method are unified. Finally, for each reconstructed triple (type unifier, return type,
set of adpted type assumptions) of the previous method the types of the next method are
reconstructed by the function TRNextMeth.

TRNeXtMeth(VlashVnewta { (Jl; ‘/1)7 ey (UTL! ‘/n) }: Bl) =
|J TRStmt (s, Vi\{v i ty | (v:ty)) € Vigw } U sub( o3, Vier ), BL)
ENS))

The RetType determines the return type of the given method in a set type assumptions.

RetType( f;, V) =
let

(firwr X ... Xw, = 0) eV
in

0
end

In TRNextMeth the function TRStmt is called, which determines the type of a statement.

TRStmts

Now we describe the type reconstruction algorithm of the statements in different functions.
The goal of these functions is to determine the result type of the corresponding method.
In principle we have to differ two cases. Either a method has no return type, which is
described by void or it has a type term as result type. In Java 5.0 an existing result
type is determined by a return statement, which stands always at the end of a list of
statements. The type reconstruction algorithm make allowance for this by first assuming
that the result type is void. If finally a return statement is given, the type of the respective
expression is determined and the result type of the respective method is identified.

The structure of the statements in the abstract syntax is given such that for each statement
there is one construct. A list of statements is subsumed by the Block-construct. From
this construction follows the structure of the function TRStmts respectively TRStmt. The
function TRStmts takes a list of statements and calls the function TRStmt for each state-
ment. For each statement construct there is a function TRStmt which reconstructs the
types for the respective statement.

Algorithm 5.17 (TRStmts) The function TRStmts calls for each element of a list of
statements the function TRStmt.

First we consider the algorithm for a block with one statement. As TRStmts is called
recursively, this is the recursion base, where s is the last element of the block.



5.5. TYPE RECONSTRUCTION 109

TRStmts( @, V, s [], Vatart ) =
let
{ (o1, ty1, V1), ..., (00, tyn, Vi) } = TRStmt(7, V) s)
let-foreach 1<i<n:
Vi={f:ty | (f:ty) € Vi A3ty € Type(Trc(BTV)): (f :ty) € Vitare }
in
{ (017ty17 V1/)7 ey (0-"7 tym Vvi) }
end

In this case the local variables, which are added during the type reconstruction of the
block are removed.

Now, we consider the case, that a block has more than one statement.

TRStmts( @, V, s it stmts, Viart ) =
let
{ (o1, ty1, V1), ..., (00, tyn, Vi) } = TRStmt(7, V) s)
in
if ty; = void then
U TRStmts( 0, V;, stmts, Vitart )
1<
else
let-foreach 1<i<n:
{(0i1,tyi1,Vin), - (Giross tWirois Vi) } = TRStmts( oy, Vi, stmits, Vare )
in
let-foreach 1<i<n,1<j<o;:
(]Wub,-?j, Ui,j) = TUnifym“b( ty2‘7 tyi,j )
in
U { (Ji,j7§7 Sub(O’7 Vi,j )) | ? S ]\Jub%/ }

1<i<n
1<0i

end
end
end

In this other case, where the block contains more than one element, first the function
TRStmt is called. With the result of the function call, TRStmts is called recursively for
the rest of the statement list. If the result type of the first statement is void, the result
type of the block is determined by the rest list of statements. If one result type is void
all result types are void, as an type unequal to void is induced by a return-statement.
If the type of the first statement is unequal to void, the result types of the statement
and the rest list of statements must be unified. This means that in this case the type of
the rest list of statements must not be void, which corresponds to the original Java 5.0
specification.

In the following we consider the function TRStmt. We give for each statement an own al-
gorithm, which determines the types of the respective statement. The different algorithms
call each other mutually recursive.
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Algorithm 5.18 (TRStmt for a block) The function TRStmt for a Block removes the
Block—construct and calls the function TRStmts for the including statement list.

TRStmt( 7, V,Block( B)) = TRStmts(a,V, B,V')

Algorithm 5.19  (TRStmt for an if statement) The function TRStmt for the if-
statement reconstructs first the types for the conditional expression, second the types
for the then—branch and last the types for the else—branch, if it exists.

First, we consider the case, that no else-branch exists:
TRStmt( 7, V,If(e, Block( By ),¢)) =

let
{(0},boolean, V{),..., (o}, boolean, V! )} = TRExp(7,V,e)
in
\J TRStmts(ay, Vi, B1,V})
1sk<m
end

Now, we consider the case, that an else—branch exists:
TRStmt( 7, V, If( e, Block( By ), Block( By )) ) =
let
{ (0], boolean, V]),...,(0,,,boolean,V,,) } = TRExp(7,V,e)
{(o1,ty1, Vi)s ooy (Ony tyn, Vi) } = U TRStmts( oy, Vi, B1,V})
. Ikm
in
let-foreach 1<i<n:
{(oin, tyin, Vi), -5 (Gioss Wioss Vi) ¥ = TRStmts( 03, Vi, By, Vi )
in
if ty; # void and ty;; # void then
let-foreach 1<i<n,1<j<o;:
(Mubij,0i;) = TUnify,.(tyi, tyi; )
in
\J {(0i;,0,5ub(o,Vi;)) | 6 € Mub;; }
Iisn
1g<oi
end
else
if ty; = void and ty, = void then
U { (04, void,sub(o;;,V;1)) }

i<
1g<0;

else
if ty; = void then

U {005, 005( i ), sub( o, Vin ) }
1
1</<01

else
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U { (Ui,j7 U'z‘,j(tyi ), sub( 04, Via )}

Ii<n
1<0;

end
end

The type reconstruction of the conditional expression must have the result types boolean.
All other reconstructed types are not considered.

With the possibly different result types of the conditional expression, the types of the
then—branch are determined.

Foreach result of this reconstruction the types of the else-branch are reconstructed. It
is necessary to know which reconstructed type of the then-branch belongs to which re-
constructed type of the else-branch, as these types are unified for the result type of the
if—statement.

If the then— and the else—branch have no result type (in the algorithm described as the
type void) the result type of the if—statement is also void. It is enough to consider one
type to determine if the the type is void, as the type void is determined by the not
existing of a Return—statement in each branch, respectively.

Algorithm 5.20 (TRStmt for an Return-statement) The result type of an Return
statement is determined by the type of the returned expression. Because of this the
function TRExp is called for the expression, which reconstructs the types of the expression.

TRStmt( 7, V,Return(e)) = TRExp(7,V,e)

Algorithm 5.21  (TRStmt for an While-statement) In the function TRStmt for the
While—statement first the types for the ending condition are reconstructed. The result
type must be boolean. All other reconstructed types are not considered.

Then, the function TRStmts is called for the list of statements, which is included in the
corresponding block.

TRStmt( 7, V, While(e, Block(B)) ) =

let

{ (¢}, boolean, V{),..., (07, boolean, V;) } = TRExp(7,V.e)
in

|J TRStmts( o/, V/, B,V/)

1<
end

Algorithm 5.22 (TRStmt for an LocalVarDecl-statement) In the function TRStmt for
the LocalVarDecl-construct two cases must be UNTERSCHIEDEN. In the first case the
local variable is declared without type. In the second case the type is also declared.

TRStmt( 7, V, LocalVarDecl(v) ) = { (7, void,V U {v : fresh(a) }) }
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In the first case for the declared variable a fresh type variable is assumed as its type. This
typed local variable is added to the set of type assumptions V.

TRStmt( 7, V, LocalVarDecl(v,0) ) = { (7,void,V U {v:0})}
In the second case the typed local variable is added to the set of type assumptions V.

The next three algorithms reconstruct the types of statements, which are also expressions.
In the algorithms the function TRExp is called, which reconstructs the types for the
corresponding expressions.

Algorithm 5.23  (TRStmt for an Assign-statement) In the function TRStmt for the
Assign—statement the types of the corresponding Assign—expression are determined. For
each correct reconstructed type of the expression the substitutions and the sets of type
assumptions are also given as result of the Assign—statement. Only, the result types are
changed to void.

TRStmt( 7, V, Assign( e, e2) ) =

let

{ (o1, ty1, V1), ..., (00, tyn, Vi) } = TRExp( @, V, Assign(eq,ez))
in

{(01,v0id, V1),..., (04, void, V;) }
end

Algorithm 5.24 (TRStmt for an New-statement)
TRStmt( 7, V,New(0, (t1,...,t,))) =
let
{(o1, ty1, V1), ..., (00, tyn, Vi) } = TRExp(@, V, New(0, (t1,...,t,)))
in
{(o1,void, V}),...,(0n,void, V,) }
end

Algorithm 5.25 (TRStmt for an NewArray-statement)
TRStmt( 7, V, NewArray(0,t) ) =

let

{ (o1, ty1, V1), ..., (On, tyn, Vi) } = TRExp(7, V, NewArray(0,t))
in

{(oy,void, V}),...,(0,,void, V;) }
end

Algorithm 5.26 (TRStmt for an MethodCall-statement)
TRStmt( 7, V, MethodCall(e, f(e1,....e,))) =
let
{ (o1, ty1, V1), ..., (0n, tyn, V) } = TRExp(7,V, MethodCall(e, f(e1,...,€,)))
in
{(o1,void, V}),...,(0n,void, V,) }
end
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TRExp

First, we give two functions TRtuple and TRmultiply, which are called from other functions
to determine different types for a tuple of subterms. The function TRtuple calls the func-
tion TRmultiply for each subterm one after another. The function TRmultiply determines
the different correct types of the next subterm and multiplies the result triple if there is
more than one correct type for the subterm.

Algorithm 5.27  TRtuple calls step by step for each subterm TRmultiply and unites
the results. TRtuple(result, (t1,...,t,)) =

let
{resulty,... ,result; } = TRmultiply(result,t;)
in
if n#1 then
U TRtuple( result;, (ta...t,))

1
else

{resulty,,...,result; }
end

Algorithm 5.28  TRmultiply determines the different types of the subterms and mul-
tiplies the result triples, which represent respectively one type of the tuple of expressions.

TRmultiply( (o, (61 ...60),V),t) =

let

{resulty,... ,result;} = TRExp(o,V,t)
in

{(c",(d"(61)...0"(6,,),0), V)| (¢/,0, V') =result;, 1 <i<l}
end

Algorithm 5.29 (TRExp for Assign) In the function first the both expression are consid-
ered as a tuple. Their types are reconstructed one after another by the function TRtuple.
After that the two result types are unified.

TRExp(@,V, Assign( e, ez)) =
let
{(on, (tyr1,ty12), Vi), oy (s (BYn1s tyn2), Vi) } = TRtuple( (@, ¢, V), (e1,€2))
in
let-foreach 1<i<n:
unify = TUnify _. (ty; 2, tyi1)
substset; = { (o0 00y, 0(ty;1),sub(o,V)) | o € unify}
in
( U substset;)

1<
end

end

114 CHAPTER 5. TYPE INFERENCE

Algorithm 5.30 (TRExp for the New-operator) The application of the New—operator
is equivalent to the application of a method. Therefore as for the method application,
the function TRMCallApp is called (algorithm 5.32). The type of the receiver of the
New—operator is given as the type argument of the New—operator itself.

TRExp(a,V,New(0,())) ={(7,0,V)}

TRExp(a,V,New(0, (t1,...,t,))) =
let
{@,@1... 7)1, V1), ... (@, (71...T7n)1, Vi } = TRtuple((T,€,V), (t1,...,t,))
m
| TRMCallApp( (7, (0(71 . .. 7n):), Vi, <init>)
15
end

Algorithm 5.31 (TRExp for the NewArray-operator) For a new array an int—expression
must be evaluated to determine the length of the array. The array type is determined by
the argument of the NewArray—operator.

TRExp(@,V, NewArray(6,t)) =
let
(o,ty, V') = TRExp(V, 1)
in
if ty # int then

else
{(o,000,V")}

end

The next algorithm reconstructs types for method applications. This reconstruction is
divided in the functions TRExp and TRMCallApp. The function TRExp is the main pro-
cedure which starts the recursive type reconstruction by calling TRtuple for the subterms
Haeooo b,

If for all subterms of a function application the type reconstruction is completed, TRExp
calls the function TRMCallApp. In TRMCallApp the type assumptions of the function are
unified with the result types of the subterms. In this function the overloading of methods
is propagated. If there is more than one unifiable type of a method, another set of type
assumptions V for the actual method is generated.

Algorithm 5.32 (TRExp for method applications) First we give the main procedure
TRExp. Here we consider the receiver of the method application as a further argument.
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Therefore, the function TRtuple is called with the receiver expression and the argument
expressions of the method application.

TRExp(@,V, MethodCall(re, f(t1,....t,))) =

let

{resulty,,...,result;} = TRtuple((a,¢,V), (re,t1,...,tn))
in

|J TRMCallApp( result;, f)

1l
end

The following function TRMCallApp determines the types of the application of a method.

AR

LV, Ly,

Figure 5.14: Type reconstruction of method applications

Algorithm 5.33 (TRMCallApp) For the function TRMCallApp let 0;1 x ... x 0, ; — 0;

be the jth type assumption of the intersection type of the method f in the (,ld,SS ;0. Then
- TRMCallApp type unifies the type assumptions of the class 0;0 and of the arguments
S 0;1,...,0,; of the method f with the receiver type 7y and the result types 7y, ..., 7, of

the subterms ty,...,¢, (cf. figure 5.14). For each type assumption of f, where the type
unifications do not fail, a new result triple is generated, which represents one type of the
actual subterm. The type term o(6; ) represents the result type of the term f(1,...,%,)
and sub( o, V') consists of the new assumptions for the variables and the methods of the
actual class. In the algorithm the not recursive application and the recursive application
differ. The result of the not recursive application is denoted by case; and the result of
the recursive application is denoted by cases.

TRMCallApp( (7, (To71 ... Tm), V), f) =
let

case; =
let-foreach AVal ..... Vay.C<ay,...,an> with (f(m . 1/) S AVal ..... Yan.C<ay,...,an>"
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U {fm: 0f) x...x0f, — 09)
VAAN
(050 % o X 05, = 05.) }

resc =
let:foreiach 1<y <oc:
(00,051 % . X Ojm —

0;) = fresh((C<ay,...,a,>),05

c C
X x 05, — 07)

unify; = TUnify .. (70,71, ..., Vm), (050,051, ..0;m))

substset; =
{{00T,0(8;0),(0(01)...0(0jm)),0(0;),sub(c,V)) | o € unify; }
in
( U substset;)
Ig<oc
end
in
(U retc)
C
end
casey =
if (f0 :ty) € V then
let
V=V\™) u {f0 0, x ... x 0, —0}
unify = TUnify .. ((Do71, ..., Um), (act_cl, 01, ...,0p))
in
{{(607),0(00),(c(01)...0(0,,)),0(0),sub(c,V)) | o € unify}
end
else
0
in
let
cres = {0 | (0,00, (601...0,,),0,V') € (case; U cases) and (75 ) = 0y }
in

let-foreach 0, € clres:
arityg, = { (0,6, (6 ...
resg, =
{ (0,00, (01 ... 9771)7 0, V') |
(0,00, (01...0,,),0,V") € arityy, and
B, 600, (0, ...0.),0 V") € arityg, with (8;...0.) # ( .0,,) and
there is a lower bound (0 ...0,,) of (6, .. m) and (0] . ) }
HIER WEITERMACHEN erledigt 050908

in

0m),0,V') | (0,00, (01...0,,),0,V") € (case; U cases) }

346\ (f0™) is an abreviation which stands for the set of type assumptions Ag without the type as-
sumptions for the method f with m arguments.
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{(0,0,V') | Oy € clres and (0,0, (01 ...0,,),0,V") € resq, }
end
end
end

Now, we present an example, which shows how the correct typing of a method application
is selected.

Example 5.34 Let the following program as an extension from the program of example
5.7 be given:

class M<A> {
M<A> m(Stack<A> v) {
return new M<A>();
}

M<A> p(Vector<A> v, Stack<A> w) {
return new M<A>();

}
}

class N<A> extends M<A> {

N<A> m(Vector<A> v) {
return new N<A>();
}

N<A> p(Stack<A> w, Vector<A> v) {
return new N<A>();
I

}

class 0<A> {
0<A> m(Vector<A> v) {
return new 0<A>();
}

0<A> p(Vector<A> v, Stack<A> w) {
return new 0<A>();
}

}

We consider now the following two applications of TRMCallApp:

e TRMCallApp(7, (N<Integer>, Stack<Integer>),V,m)
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— 01 ={A+— Integer}

— 03 = {A+— Integer}

— 03 = { A+ Integer}

— case; U casey =

{ (o) 07, M<Integer>, (Stack<Integer>),M<Integer> sub(o,V)),

(09 0 7, N<Integer>, (Stack<Integer>), M<Integer>, sub( s, V")),
(03 07, N<Integer>, (Vector<Integer>),N<Integer> sub(os, V )) }

— clres = { N<Integer> }

— aritYycinteger> = { (Stack<Integer>), (Vector<Integer>)}

— TeSycInteger> = { (Stack<Integer>) }

The result of the application is then

{ (02 o 0,M<Integer> sub(o,, V))}.

TRMCallApp(7, (B, Stack<Integer>, Stack<Integer>),V,p)

— 01 = {A— Integer,B > M<Integer>}

— 09 = { A+ Integer,B > N<Integer>}

— 03 = { A+ Integer,B > N<Integer>}

— 04 = { A+ Integer,B > O<Integer>}

— case; U casey =

{ (0107, M<Integer>, (Vector<Integer>, Stack<Integer>),M<Integer>,sub(oy,V )),

(0900, N<Integer>, (Vector<Integer>, Stack<Integer>), M<Integer>,sub( s, V')),
(0307, N<Integer>, (Stack<Integer>), Vector<Integer>), N<Integer>, sub( o3,V )),
(0400, 0<Integer>, (Vector<Integer>, Stack<Integer>)),0<Integer>,sub( oy, V)) }

— clres = { N<Integer>, 0<Integer> }

- aTityN<Integer> =
{ (Vector<Integer>, Stack<Integer>), (Stack<Integer>), Vector<Integer>) }

— aritYocinteger> = { (Vector<Integer>, Stack<Integer>) }

— TeSy<integer> = 0, (as (Stack<Integer>, Stack<Integer>) is a lower bound of
(Vector<Integer>, Stack<Integer>) and (Stack<Integer>), Vector<Integer>)).

— T'eSo<integer> = { (Vector<Integer>, Stack<Integer>) }
The result of the application is then

{ (04 o 0,0<Integer> sub(oy,V))}.

If we change one of the argument types we get two results, respectively:

— TRMCallApp(7, (B, Vector<Integer>, Stack<Integer>),V,p)
The result of this application is then

{ (02 o 0,M<Integer> sub(0os,V)), (04 © 0,0<Integer> sub(oy,V))}.
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— TRMCallApp( @, (B, Stack<Integer>, Vector<Integer>),V,p)
The result of this application is then

{ (03 o o,N<Integer>,sub(03,V)), (04 o 0,0<Integer>,sub(oy,V)) }.

Algorithm 5.35 (TRExp for this) The this command means the actual class. There-
fore the type of the term is the argument act_cl.

TRExp(@,V, this) = { (7, actcl,V) }

Algorithm 5.36 (TRExp for super) The super command means the direct super class
of the actual class.

TRExp( 7, V, super) =
let
(actcl, ) € <
in
{(@.7,V)}

end

Algorithm 5.37 (TRExp for local or field variables) There are two possibilities. The
first is that the variable is a local variable. A local variable is either an argument of the
method or a local variable of the actual block. The type of a local variable is given as
the type assumption of the variable in the set V. Therefore the substitution & is not
extended.

The second possibility is that the variable is a field. This is given if the variable is no
local variable. In this case the variable is qualified by this in the set V. Then the type is
also given as the type assumption of the variable in the set V. The substitution 7 is also
not extended.

TRExp(@,V, LocalOrFiledVar(z ) ) =
if (x:0) € V then
{@0,V)}
else
if (this.z : 0) € V then
{@0,V)}

Algorithm 5.38 (TRExp for instance variables) The type reconstruction for instance
variables is divided two functions. In the first, the possibly different types of the receiver
re are determined.

TRExp(@,V, InstVar(re,v)) =
let
{resulty,,...,result;} = TRExp(7,V,re)
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in
U TRInstVar( result;,v)
1w

end

For all results of this, the function TRInstVar is called, where the type of the respective
instance variable v is determined.

TRInstVar( (o,v,V),v) =
let-foreach C<ay, ..., a,> with ((v?) : 0c) € Ava,... vay.C<ay....an>) OF

(C<ay,...,a,> = act_cl and (this.v©® : 6c) € V)) :

0o = fresh(C<ay,...,a,>)
oc = TUnify . (v,6))

in
U{ (oc00,00(0c),sub(oc, V) } BRAUCHT 0 IN
(Cl* ST EN ZEILE
en 7

The next algorithm determines the type of an array access.

Algorithm 5.39 (TRExp for the array access) In this algorithm first the types of the
index are determined. Only the if the result type is int, the result triples are considered
further on. For these triples the types of the array are determined. If the type of the
array is an array type then a result type of the whole expression is given.

TRExp( @, V, ArrayAcc( e, index ) ) =
let
{ (o1, ty1, V1), ..., (00, tyn, Vi) } = TRExp( 7, V, index )
in
let-foreach 1<i<n with ty; = int:
{01, tyi1,Via)s - (Cimys tYiam,» Vim,) } = TRExp( 03, Vi, e)
in
U {(00,0,Vi) | tyiy =001}
ty;=int
end
end

Algorithm 5.40 (TRExp for Literals) For the literals of the types int, boolean, and
char the corresponding types are the result. For the literal Null any type is possible.
Therefore a new type variable is generated as its type.

TRExp(7, V, IntLiteral(n)) = { (7, int, V) }
TRExp(@,V, BoolLiteral(b) ) = { (¢, boolean, V) }

TRExp(@,V, Charliteral(¢) ) = { (7, char, V) }
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TRExp(@,V,Null) = { (7, fresh(a),V) }

Algorithm 5.41 (TRExp for UnaryMinus) The argument of the UnaryMinus must be
int. Therefore only the result triples of this type are considered.

TRExp( 7, V, UnaryMinus(e)) =

let

{ (o1, ty1, V1), ..., (on,tyn, Vi) } = TRExp(@,V,e)
in

{(04,int, V;) | ty; = int }
end

Algorithm 5.42 (TRExp for Not) The argument of the Not must be boolean. Therefore
only the result triples of this type are considered.

TRExp(a,V,Not(e)) =

let

{(onty, Vi), (on,tyn, Vi) b = TRExp(7, Vi e)
in

{(0y,boolean, V;) | ty; = boolean }
end

Algorithm 5.43 (TRExp for Cast) The cast-expression transforms the type of an ex-
pression to the given type. Therefore the result type is the given type.

TRExp(7,V, Cast(f,¢e)) =

let

{ (o, ty1, Vi), -5 (Ons tyn, Vi) } = TRExp(T, V, e1)
in

{ (01797‘/1)7 ey (0—7”97 Vn) }
end

The following algorithms for the addition (5.44), the substraction (5.45), the multiplica-
tion (5.46), the division (5.47), and the modolo function (5.48) are of the same structure.
The two arguments must have the type int. The result type is then also int. All other
types are not considered.

Algorithm 5.44 (TRExp for Add)

TRExp(7,V,Add(e1,62)) =
let
{ (Ulytyla Vl)~ ceey (Umtym Vn) } = TREXP(Ev V, Cl)
in
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let-foreach 1<i<n with ty;, = int:
{0, twin, Vin)s - - -5 (Gimgs Wiimy> Viomy) } = TRExp( 03, Vi, €2)
in
U { (o1, int, Vij) | tyi,; = int }
ty;=int
end
end

Algorithm 5.45 (TRExp for Minus)

TRExp(@,V,Minus( ey, ep) ) =
let
{ (o1, ty1, V1), ..., (On, tyn, Vi) } = TRExp(7,V,e1)
in
let-foreach 1<i<n with ty; = int:
{ (0'1}17 tyi,ls %,l)a ey (O-i,m,y tyi,mlv ‘/i,ml) } = TREXP( T, ‘/;a €2 )

in
U {(0ij,1int, Vi) | ty;; = int }

ty;=int
end
end

Algorithm 5.46 (TRExp for Mul)

TRExp(@,V,Mul(e,ez)) =
let
{ (o1, ty1, V1), ..., (00, tyn, Vi) } = TRExp(7,V,e;)
in
let-foreach 1<i<n with ty; = int:
{(i1:tyi1, Vin) - (Cimis tYims» Vim,) } = TRExp( 0, Vi, e2)
in
U {04 int, Vi) | tys; = int }
ty;=int
end
end

Algorithm 5.47 (TRExp for Div)

TRExp(7, V; Div( ey, e )) =
let
{ (Ul7ty17 Vvl)v R} ((Tmtym Vn) } = TREXP(E7 ‘/7 €1 )
in
let-foreach 1<i<n with ty; = int:
{ (O'Lla tyi,lv Vi,l)7 ey (O'i,m,,,v tyi,m” V;l,m,,) } = TREXP( i, ‘/;7 €2 )
in
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U {(0i,int, Vi) | tys; = int }

ty;=int
end
end

Algorithm 5.48 (TRExp for Mod)

TRExp(7,V,Mod(e1,e3)) =
let
{ (o1, ty1, V1), ..., (On, tys, Vi) } = TRExp(7,V,e1)
in
let-foreach 1<i<n with ty; = int:
{0, tyin, Vin)s - - s (Ciomgs Wiimy> Viom,) } = TRExp( 03, Vi, e2)
in
U {05 int, Vi) | tys; = int }
ty;=int
end
end

The following algorithms for Less (5.49), LessEq (5.50), Greater (5.51), and GreaterEq
(5.52) are very similar to the above algorithms. Only the result type is not int, but
boolean.

Algorithm 5.49 (TRExp for Less)

TRExp(7,V, Less(ey,e2)) =
let
{ (o1, ty1, V1), ..., (00, tyn, Vi) } = TRExp(7,V,e1)
in
let-foreach 1<i<n with ty; = int:
{(oin,tyin, Via), - (Gimmes Wisme, Vi) + = TRExp( 0y, Vi, e2)
in
U {(0;;,boolean,V;;) | ty;; = int }
ty;=int
end
end

Algorithm 5.50 (TRExp for LessEq)

TRExp(@,V, LessEq(eq,e2)) =
let
{ (o1, ty1, V1), ..., (On, tyn, Vi) } = TRExp(7,V,e1)
in
let-foreach 1<i<n with ty; = int:
{01, twin, Vin)s - - s (Gimgs Wiimy» Viomy) } = TRExp( 03, Vi, €2)
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in
U {(0;;,boolean,V;;) | ty;; = int }
ty;=int
end
end

Algorithm 5.51 (TRExp for Greater)

TRExp(7,V, Greater(ey,¢e3)) =
let
{ (o1, ty1, V1), ..., (On, tyn, Vi) } = TRExp(7,V,e1)
in
let-foreach 1<i<n with ty; = int:
{0, tyin, Vin)s - - s (Cimgs Wiimy> Viomy) } = TRExp( 03, Vi, €2)
in
U {(0;;,boolean,V;;) | ty;; = int }
tyi=int
end
end

Algorithm 5.52 (TRExp for GreaterEq)

TRExp( 7, V, GreaterEq(ey,e2) ) =
let
{ (o1, ty1, V1), ..., (On, tyn, Vi) } = TRExp(7,V,e1)
in
let-foreach 1<i<n with ty;, = int:
{0, tyin, Vin)s - - s (Gimgs Wiimy> Vioms) } = TRExp( 03, Vi, e2)
in
U {(0i;,boolean, V;;) | ty;; = int }
tyi=int
end
end

The next two algorithms Equal (5.53) and NotEqual (5.54) allows as argument type each
type. The only condition is, that both arguments have the same type. Therefore the
result types of both arguments are unified. If they are successfully unified, the result type
is boolean.

Algorithm 5.53 (TRExp for Equal)

TRExp(@,V, Equal(e,ez)) =
let
{ (Ulytyla Vl)~ ceey (Umtym Vn) } = TREXP(Ev Vel )
in
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let-foreach 1<i<n:
{(oin, tyin, Vin), -5 (Giamss tWianis Vim,) } = TRExp( 03, Vi, ea)
let-foreach 1<i<n, 1<j<m;:
unify;, ; = TUnify . (ty;, ty; ;) U TUnify . (tyij, ty:)
in
U { (0, boolean,sub(c,V;;)) | o € unify, ; }

1<
1g<m;

end
end

Algorithm 5.54 (TRExp for NEq)

TRExp(7, V,NEq(er,e2)) =
let
{ (017ty17 Vvl)v Tt (0-"7ty"7 V") } = TREXP(E7 ‘/7 €1 )
in
let-foreach 1<i<n:
{01, twin, Vin)s - - s (Gimgs Wiimy> Viomy) } = TRExp( 03, Vi, e2)
let-foreach 1<i<n, 1<j<m;:
unify, ; = TUnify _. (tyi, tyi; ) U TUnify . (ty; 5, ty:)
in
U { (0, boolean,sub(c,V;;)) | o € unify, ; }
1<Sisn
1gj<mi
end
end

Algorithm 5.55 (TUnify) The function TUnify is the type unification algorithm,
which is presented in section 4.2. Here we describe the adaption of the call of TUnify in
the type reconstruction algorithm to the presentation in algorithm 4.5.

TUnify . ((ty1,1-- - tyin), (ty21 - ty2n) )
calls the algorithm 4.5 with the input

{(tyra <tyon), s (tyrn <lyan) }-

The set of type variables T'V is given as the type variables which are generate by fresh
and in NewT Var.

TUnify,,,,( (ty, ty2) )

calls algorithm 4.29.
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Algorithm 5.56 (sub) The function sub( o, V') substitutes the type variables of the
types of the variables and the methods by o in the set of type assumptions V.

sub(o,V ) =
let
V:{fl : tyl,l XX tyl,]ﬂ _)Ttylv"'vfn:tyn,l XX tyn,k" _)rtyn}
U{vi—uw,... 0= 1}

in
{ fitoltyin) x...xo(tyrp, ) — o(rtyr),...,
o o(tyna) X oo X 0(tynp, ) — o(rty, ) }
U{v—oa(n)...,up—o(y)}
end

Algorithm 5.57 (bind) The function bind takes the free variables of a type assumption
of a method, and substitute them by the parameters of the respective class.

bind( Para,V') =
let
V={me:ty; x ... x ty, — rty } UV’
Var = TVar({tyi,..., tym. 7ty })
subst = {0 | 0 : Var — Para is a function }
in
{me N, cous 0ty ) X .o X o (tyn ) = o(rty) JUV’
end

Now we consider correctness and completeness of the type reconstruction algorithm in
corelation to the type inference system of section 5.4.

Theorem 5.58 (Most principal type property of TRprog) The type reconstruction
algorithm TRprog determines for the methods of a Java 5.0 class representants of the re-
spective most principal types.

Proof: The proof is done in three steps. First we have to prove that each type, which
is determined by the type reconstruction algorithm of a method is also derivable by the
type inference system (correctness). Second we have to prove that if a type of a method
is derivable by the type inference system, the type is also determined by the algorithm
(completeness). As it is proved in theorem 5.10, that there is a principal type derivable by
the type inference system, in a third step, we have to show that the type reconstruction
algorithm do not determine any type which is not principal.

bind
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Correctness

For a class declaration jclass TRprog( A, jclass) is called. Let

NewTVar( jelass ) = Class(ClassName( 7 ), extends(7")
InstVarDecl( 21,71 ), ..., InstVarDecl( z,,, 7, )
Method( f1, 601, (V1,1 : 011, .., Vimy : O14), Block(By))

Method( fun, Oy (Vs < Bt -+ s Uy * Ok, ) Block( Bum ) ))

Furthermore let TRprog( 4, jclass) = AU A,.
Then it is to prove, that it holds under the assumption that p »O with O = { Age,(g) | Ao €
A}

pU{jclass } » O U Ogen(r) with Ogep(r) = A

Let
(s (01, x ... x 61, —6})
JAWAN
(075 x ... x 07y, — 07))

L <X 0
m,1 m,km m
/AN
(O X oo by — Opm)) € Ay

Then it is to prove that for each 1<i<m, 1<j<o; there is a O, with

O, = {f,-:(@{y.l/x...xf)f’kﬂé)f)};
U Lo Oy x oo x B, = 00) | (7 <)V (i <7 < m), 1< <ou }

and
p U jclass »O U {gen(7)+— O, U Oficta }

where Opjeg = {211 71, .., &y 0 T }

This is equivalent to the following:

With the function calls of TRstart, TRNextMeth, and TRStmt for a block for
Vi={wvi1: 6’{;17 Ui 9{,,% }
there is a substitution o; and a type 6; with
(01,0;,0, U Ofierg U Vi) € TRStmts([],0; U Opiera U Vi, Bli, O U Opia U V;)
and for (i <)V (i <4 <m) with

v/ -/
— By iy
Vz‘/ = {Ui',l : 921/71, ceey Ui/,k'l/ : 62‘@’%/ }
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there are substitutions o and types 0 with
(04,04,0, U Oficta U Vi) € TRStmts( [1,0- U Oieta U Vir, Bly, O, U Oficta U Vir )

In this prove we take as arguments for TRStmts the set of type assumptions V;, respectively
V!, which contains the results of the algorithm. We do this as the prove becomes simpler.
This is correct as it holds for any set of type assumptions V"

From (0,0,V) = TRStmts([], V', B, V") follows (0,0,V) = TRStmts([],V, Bl,V')

This follows by induction, as in every application the types of a former method can only
become less general.
With the Class rule it is then to prove that it holds:

(O U {T = (67— @] Ofie[d)}U )
{<local>— (Ojira U Vi) }), 7, 7') > Block(B;) : 0;, (6; <*67)

and for(i' < i)V (i <@ <m)

(O U {T’—> (6,— U Ofialcl)}u
{<local> — (Oficra U Vi) 1), 7.7) B sume Block( By ) : 0, (6, <*67)

This prove is done by an induction over the list of block statements:

Induction start: The different blocks contain of one statement: We assume that Bl; =
si (]

With the function TRStmts there is a V; with V; C V; and
(01,0;,0; U Opiq U V) € TRStmt( (07,07 U Ofjra U Vi, s;)
and for (i’ < i) V (i < ¢ < m) there are V; with Vi C V; and
(0,05,0; U Ofiera U Vi) € TRStmt( 07,0, U Ofieta U Vi, 8ir)
Then, by the statements rules follows, that it is to prove:

(O U {7’ — (67 @] Ofield)}ui
{<local> i (Ofield U VL) })u T, Tl) D>Stmt Si 't az

and for(i' < i)V (i <@ <m)

(O U {7+ (O, UOyiea) }U
{<local> — (Oyje1a U Vi,’) D, 7.7 Dsume Sit O

This prove must be done for all j € {i} U {¢ | <iVi<i <m} by case differentation
for each statement:
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e s; is an expression statement: (O U {7+ (0; U Ofica) } U
First we consider the expression statements Assign, New, NewArray, and MethodCall. {<local> = (Oficta U Vi) }), 7,7') Dpupr € : boolean

It holds, there is # such that This prove is done in the return—case.

(0, 57 0, U O iera U V]) € TRExp( (05, 0. U O ieta U Vj, s;)- It remain to prove the different type derivations for the then— and the else-branch.
Then, §; = void. — ifbranch = Block( By ) and elsebranch = ¢ :
The prove is done analog to the while—case.
— ifbranch = Block( By ), elsebranch = Block( By ):
It holds, there are 6 and 6 with

With the expression statement rules (figure 5.7), we have to prove such that there
is a 0/ with

(O U {7~ (0: U Oyieia) }U - - _
{<1ocal> — (Ofigg U Vi) 1), 7 7") Drapr 5i: 0 (04,0,0- U Oyicta U V) € TRStmts( 0y, Vj, B1, V;),

I (O'j,ﬁ,@T U Ofiald @] VJ) S TRStmts( O'j,‘/j,BQ,‘/j )
In the later carried out case, s; = return(e ), we will even prove that 6 = 6. )
From the IfStmt rules (figure 5.6) follows that it is to prove: vel. Commentary
. bei Class-rule
e s; = while( ¢, Block( B) ): _
In this case holds (©UA{r = (Or U Ogiaa) } Uﬁ =
{<loca1> — (Ofield @] Vz) })7 T, T’) > gt Br1: 0
(0j,boolean, O, U Opigq U V;) € TRExp( 04,0, U Ofieta U V) d
an
and _
— — OU{7— (0; UOpe U .
(O‘j,@j,OT @] Ofield @] V]') ETRStmtS(Uj7‘/j7B7Vj). ( { ( f ld)} =

{<loca1> — (Ofield U V@) })7 T, T') > stmt Bo 1 0
With the WhileStmt-rule (figure 5.5), we have to prove: As TRStmts is a recursive call, the result follows by induction.
. . . . e = =
(O U {7 (0: U Ofiaq) }U It reIrvlams to‘ cons}ler t]r}e different f}ab.es, as 0; is .Constfucte‘d fr(?m 0 and 0 : I‘t
— , is to show that 0; is constructed equal in the algorithm 5.19 and in the inference
{<local> — (O U V) }),7,7") >papr €:boolean .
rules of figure 5.6: Nochmals Reglena-
_ _ men ueberpruefen
and — @ # void and @ # void : Then, from the call of TUnify,,,, in algorithm
. 5.19 follows, that it is to show
(O UAT = (07 U Oriaa) }U_ 0, € MUB(9,0 ).
. . / . .
{<tocal> = (Ogicia U Vi) ), 7.7) Csime B+ But, from rule IfStmt_if el ty follows this.
As said before, we will prove that e : boolean is derivable in the return—case. — 0 = void and ¢ = void : Then, from algorithm 5.19 follows, that it is to
sh
The call of TRStmts is a recursive call. This means that the result follows by SHOW )
induction. 0; = void.
But from rule IfStmt _if ty2 follows this.
e s; =if(e,ifbranch, elsebranch): — @ = void and @ # void : Then, from algorithm 5.19 follows, that it is to
We must distinguish the different forms of the if-statement (figure 5.6). For all show -
cases holds 0;=0.
(Jj,boolean,éT U Opta U V) € TREXp(Uj,bT U Ojiata U Vj,e)‘ But from rule IfStmt _el_ty follows this.

— 0 # void and ¢’ = void : Then, from algorithm 5.19 follows, that it is to
Then, it is to prove: show
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6, =0.
But from rule IfStmt_if ty2 follows this.

e 5, is a local variable declaration statement:

There are two different possibilities. Either the local variable can be declared with
a type or without a type.

In the case that the variable is typed, as well in the algorithm 5.22 as in the infer-
ence rule LoVarDecl2 (figure 5.5) the typed variable is added to the set of type
assumptions. This means that the induction can be continued with an extended set
of type assumptions. The result type 6; is unchanged.

If the variable is not explcitly typed s; = LocalOrFiledVar(v) (rule LoVarDecll)
the result type 6; is also unchanged. In this case, the set of type assumptions for
the inference rules for the continuation of the induction proof must be extended by
v : 0" if the determined type of v during the algorithm is 6”.

s; = return(e):

It is obvious that algorithm 5.20 is sound if it holds: From
(O'j, 6]',67— @] sz'eld @] V]) € TREXP(O'J'7 ija 6)
follows

(O U {7~ (0; U Ofjea) }U .
{<local> — (Oyjeq U V) DT T) D €0 6;

This proof must also be done by induction.

Induction start: There are different algorithms respectively different rules which
represent the induction start.

1. e is a literal expressions:
It is obvious that the results of the functions in algorithm 5.40 correspond to
the results of the respective rules in figure 5.9.

2. e = this or e = super:
It is also obvious that the results of the algorithms 5.35 and 5.36 correspond
to the results of the rules this and super in figure 5.8, respectively.

3. e = LocalOrFiledVar(v):

As the set of type assumptions contains the typed variable v the result of the
algorithm 5.37 corresponds to the results of the rule LocalOrFiledVar in
figure 5.8.

Induction step: There are also different algorithms respectively different
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1. e = InstVar(re,v)
Under the assumption that if
(ij,é,aT @] Ofield U V]) S TREXP( 0j, V}', 7”6)
it holds

(O U {7'0—> (67 U Oﬁcld)}u
{<local> — (Opieta U V) }),7,7') Bpupr 7€ 0,

it is to prove that if
(O’j,g,bT @] Oficld @] VJ) € TRlnstVar( (Uj7§757 @] Oficld @] Vj)/l})

it holds:

(OU{TH(6¢UOﬁeld)}U B
{<1oca1> = (Opira U Vi) g Bra v: 0 .

This follows, as the type assumptions in the algorithm and in the inference
rules are identical and the call of TUnify <~ in TRInstVar (algorithm 5.38)
corresponds to the substitution in the Ident-rule in figure 5.4.

HIER WEITERMACHEN
2. e = MethodCall(re, f(t1,....t,))
We assume that for

(0j,0,0, U Opiq U V) € TRExp(a;,Vj,e)
holds

(O @] {T'—> (6,— @] sz‘eld)}u B
{<local> — (Ojperq U Vi, T D papr €10,

and for 1<k <n with
(O‘j,gk,éT U Oficld ] V]) S TREXp(O'j7‘/j7tk)

respectively holds

(O @] {T’—> (67- @] Ofield)}u _
{<local> — (Ofield (@] Vl) }),T, T/) > Bapr t 91@ .

From the definition of TRtuple (algorithm 5.27) follows then
(0. (8,81,...,0,),0, U Ogicra U V;) € TRtuple( 0y, €, V, (re, tr, ..., 1))
But this means by rule MethodCall in figure 5.8 that it is to prove: if

(0,0;,0; U Opieq U V;) € TRMCallApp( (57917 e 02,V )
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then it holds

(gllv"'vgi—uaj) = lub(a f,?l,...,en)

This follows from the property that the type assumptions of the inference rules
and the algorithm correspond and in algorithm TRMCallApp (algorithm 5.33)
at the end the determined results are filtered, such that only the result type of
the function symbol with corresponding least arity is given.

3. e = Assign(t1,12)
We assume that for £ = 1,2 with
(O’j,gk,éT U Ofield ] V]) S TREXP( aj, ‘/]7fk)

respectively holds
OU{r+— (67- @] Omld)}ui B
{<loca1> — (Ofield @] Vl) }),’7’, T’) > Eapr Tkt Ok .

From the definition of TRtuple (algorithm 5.27) follows then
(0,(01,0),0; U Oyi1q U V) € TRtuple( o, ¢, Vj, (t1,12))
From the Assign-rule follows then, that we have to prove:
0, <" 0.

But, this is given, as the result of algorithm 5.29 is determined by TUnify.
4. e = New(0,t1,....t,)

The proof is analog done as in the case of MethodCall.
5. ¢ = NewArray(0,t)

It is obvious that algorithm 77

Induction step: rule Block_1 and Block_2 and algorithm 5.17

Completeness

Most principal type property

Furthermore, it is to show that the types of the methods in A, are most prirLdpal.

For the most principal property we have to prove that for each Ogen(r) With Ogep(7) >1a
f:f”) SV X X Uy, — v there is a 1<) <oy, ) with

| |
With theorem 5.10 and theorem 5.14 follows

Corollary 5.59 The type reconstruction algorithm TRprog is correct and complete in
corelation to the type inference system of 5.4.
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5.5.2 ANDERER SECTION NAME Type reconstruction ex-
ample

In this section we present an expample for the type reconstruction algorithm. We execute
the algorithm for the same Java 5.0 program, the mul method of the class Matrix (fig.
5.15), as in section 5.4.2.

class Matrix extends Vector<Vector<Integer>> {

mul(m) {
ret = new Matrix ();
i=0;
while(i < size()) {
vl = this.elementAt(i);
v2 = new Vector<Integer> ();

i=0;

while (j < vi.size()) {
erg = 0;
k = 0;

while (k < vi.size()) {
erg = erg + vl.elementAt(k).intValue()
* (m.elementAt(k)).elementAt(j).intValue(Q);
k++;

}

v2.addElement (new Integer(erg));
s

H

ret.addElement (v2) ;
i+

H

}

return ret;

Figure 5.15: The Java 5.0 class Matrix

The abstract syntax absMatrix of this example is given in section 5.4.2.
For the algorithm we need the set of type assumptions A = { Avavector<a>, Arnteger } With

Avavector<a> = { elementAt : int — a
addElement : a — void
size :— int }

and
Afnteger = {<init>Integer :int — Integer
intValue :— int }.
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The type of the actual class act_cl is given as Matrix and the finite closure FC( <) is
given as { Matrix<a> <*Vector<Vector<a>>}.

Now we can start and call the TRprog. The run of TRprog is presented such that each
function gets its own number. Only an end-recursive function call gets no new number.

(1) TRprog( A, absMatrix )

First, we apply the function NewTVar to absMatrix, which instances new type variables
for each parameter type and each return type. In this example we denote the fresh type
variables by the greek letters aq, o, .. ..

NewTVar(absMatrix ) =
class(
ClassName( Matrix ),
extends( Vector<Vector<Integer>>),
Method(mul, oy, (m : a2), Block(Bl;) ) )

As the class Matrix contains no fields it holds:

V[iclds,me/,hods = {mlﬂ- L — }

The set of the parameters of method mul is given as

Vi={m: ax}.
Then the function TRstart is called.

(1.1) TRstart( BlOCk( Bl, ), Vi, Vfields,methods )

In function TRstart nearly nothing is done, as TRstart controls the type reconstruction of
the different blocks of the respective methods in the class. In the class Matrix only the
methods mul exists.

TRstart calls by TRNextMeth the function TRStmt. In TRStmt only the Block constructor
is removed and the function TRStmts is called.

In the following let Vi1 = Viictas methods U Vi

(111) TRStmts( H~ ‘/1_17 Blh ‘/1,1 )

In TRStmts for the first statement TRStmt is called again.

(1.1.1.1) TRStmt([], Vi1, LocalVarDecl(ret))

The result is ([],void, Vi1 U {ret: az}).
In the following we denote

Vitir =Vii U {ret:az}.
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(1.1.1) TRStmts([], Vi.1.1.1, Assign( LocalOrFieldVar(ret ), New(Matrix, ())))

Then, TRStmt for the next statement is called.

(1.1.1.2) TRStmt([], Vi.1.1.1, Assign( LocalOrFieldVar(ret ), New(Matrix, () )))
In TRStmt first TRExp is called.

(1.1.1.2.1) TRExp([], Vi.1.1.1,Assign( LocalOrFieldVar( ret ), New(Matrix, ())))
In TRExp the function TRtuple is called.

(1.1.1.2.1.1) TRtuple([], €, V1111, (LocalOrFieldVar(ret ), New(Matrix, () )))

In TRtuple first TRmultiply is called for LocalOrFieldVar(ret). Then, in TRmultiply the
function TRExp is called.

(1.1.1.2.1.1.1) TRExp([], V1111, LocalOrFieldVar(ret ))
As Vii11 = V\(ret®) U {ret : az}, the result is { ([], as, Vii11) }-

(1.1.1.2.1.1) TRtuple([], €, V1111, (LocalOrFieldVar(ret ), New(Matrix, () )))

In TRtuple the TRtuple is called again with the second argument.

(1.1.1.2.1.1.2) TRtupIe( H7 a3, ‘/lvl.l.h (New( Matrix, () )) )

In TRtuple again TRExp is called by TRmultiply.

(1.1.1.2.1.1.2.1) TRExp([], Vi.1.1.1, New(Matrix, ()))
The result is { ([],Matrix, Vi111) }.

(1.1.1.2.1.1.2) TRtupIe( H7 s, ‘/Ivl.l.h (New( Matrix, () )) )
The result is built by TRmultiply: { ([], (s Matrix),Vii11) }

(1.1.1.2.1.1) TRtuple([], €, V1111, (LocalOrFieldVar(ret ), New(Matrix, () )))

As there is only one result, nothing happens and the result is also: { ([], (a3 Matrix), Viq111) }.

(1.1.1.2.1) TRExp([], Vi.1.1.1, Assign( LocalOrFieldVar( ret ), New(Matrix, ())))

The next step in TRExp is the type unification:
unify = TUnify _. (Matrix, az ) = { [a3 — Matrix], (a3 — Vector<Vector<Integer>>|}

In the following let
011191 = [0 — Matrix]
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and
0% 1101 = [az > Vector<Vector<Integer>>].

and let
‘/1].1,1.2.1 =Viiii\{ret:az} U {ret:Matrix}

and
V2 o1 =Vitii\{ret:as} U {ret: Vector<Vector<Integer>>}

Then the result is { (01 1 51, Matrix, V'y 1 51), (07 1121, Vector<Vector<Integer>> V7 1 5) }.

(1.1.1.2) TRStmt([], Vi.1.1.1, Assign( LocalOrFieldVar(ret ), New(Matrix, () )))

(1.1.1.3) TRStmts( o}, 51, Vit 101, LocalVarDecl(1) :: stmts, Vi)

TRStmt is called for the next statement.

(1.1.1.3.1) TRStmt( o}, 4, Vit 191, LocalVarDecl(i))

(1.1.1.3) TRStmts( 0191, Vil 101, Assign( LocalOrFieldVar( i), IntLiteral(0)) :: stmts, V1)

With the result TRStmts was called again for the next statement. Then TRStmt is called.

Let in the following

1 _ 1 .
Oi1132 = 011121 U [0 — int]

and
1 1 C
Vitise = Vitior U {i:int}

The result is { (U%.1.1.3.27 void, ‘/11.1.1.3.2) }

(1.1.1.3) TRStmts( 01101, Vi 101, WhileStmt(...) :: stmts, Vi)

With the result TRStmts was called again from TRStmts for the next statement. Then
TRStmt is called.
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The result is given as (cp. appendix B):
{ ((711.1.1,:5;5» void, ‘/11.1.1,3:5)7 (‘731.1.3,37 void, ‘/1?1.1.:;,25) 1,
where

011135 = | 15 = Vector<Integer>, a3 — Integer, aq; — Integer,
oo — Vector<Integer>, oy — Vector<Vector<Integer>> ag + int,
(g — int, ag +— Matrix, ay — int, a5 — Vector<Integer>,
ag +— Vector<Integer>, ay — int]

0'%1.1.3‘3 = [ a6 — Vector<Integer>, ayy — Integer,ajs — Integer, as — Matrix,
g — Vector<Integer>, ag +— int, a9 +— int, ag +— Matrix, ay — int,
as +— Vector<Integer>, o — Vector<Integer>, a7 — int]

\/11_1_1_3_3 = {ret : Matrix,i: int, vl : Vector<Integer>,v2: Vector<Integer>,
j:rint,erg:int,k: int,mul : Vector<Vector<Integer>> — ay,
m : Vector<Vector<Integer>>}

V2 135 = {ret:Matrix,i: int, vl : Vector<Integer>,v2 : Vector<Integer>,
j:int,erg:int,k: int,mul : Matrix — o;,m: Matrix }.

(1.1.1.3.4) TRStmts( o}, 1535, Vit 133, Return(LocalOrFieldVar(ret)) :: [],Vi1)
With the result TRStmts was called again from TRStmts for the next statement. Then
TRStmt is called.

(1.1.1.3.4.1) TRExp( 014133, Vi1 133, Return( LocalOrFieldVar(ret)))

In TRStmt for Return the function TRExp was called.
The result is given as:
{ (U}.1.1.3.37 Matrix, ‘/11.1.1.3.3) b

(1.1.1.3.4) TRStmts( o}, 55, Vil 153, Return(LocalOrFieldVar(ret)) :: [],Vi1)
The result is given as:

{ (0} 133 Matrix, V' | 5 \{ret : Matrix i:int})}.
(1.1.1.3.5) TRStmts( 07,33, V%1134, Return( LocalOrFieldVar(ret)) :: [], Vi)
Analogous to the first case the result is given as:

{ (071135 Matrix, V2 | 55\{ret : Matrix,i: int})}.

HIER WEITERMACHEN

(1.1.1.4) TRStmts(o?, 4, V2 191, LocalVarDecl(i) :: stmts, Vi)

TRStmt is called for the next statement.
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The result is (07, ,,,void, V151 U {i:air}).

(1.1.1.4) TRStmts( 02, 4, Vi3 121, Assign( LocalOrFieldVar( i), IntLiteral(0)) :: stmts, V1)

With the result TRStmts was called again for the next statement. Then TRStmt is called.

Let in the following

2 _ 1 .
011142 = 011121 Y [u7 — int]

and

2 2 .
Viiiae = Wiieg U {i:int}.

The result is { (0%11.4427 void, ‘/1?1.1.442) }

(1.1.1.4) TRStmts( 02,51, V2 191, WhileStmt(...) :: stmts, Vi)

With the result TRStmts was called again from TRStmts for the next statement. Then
TRStmt is called.

Analogous to the first case, which is shown in appendix B) the result differs only in the
fresh variable names an in the type for ret, which is here Vector<Vector<Integer>>
instead of Matrix.

{ (011.1.1,4;;» void, ‘/11.1.1,4,3)7 (‘731.1.4,3: void, ‘/1?1.1.4,3) 1,

where
ALLE VARIABLEN UMBENNENNEN BIS AUF ay, as, a3 UMBENNENEN
ERSTE NEUE FREIE FRISCHE VARIABLE IST a;s.
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011143 = | aus > Vector<Integer>, asg — Integer, any — Integer,
(a3 — Vector<Integer>, oy — Vector<Vector<Integer>>, ag; +— int,
(rpp > int, a3 — Vector<Vector<Integer>>, a7 — int,
g — Vector<Integer>, a9 — Vector<Integer>, apy — int]
02 143 = | ag9 > Vector<Integer>, any — Integer, ays — Integer, ay — Matrix,
(a3 — Vector<Integer>, ap; +— int, ooy +— int,
a3 — Vector<Vector<Integer>> a7 +— int, ayg — Vector<Integer>,
a9 — Vector<Integer>, ay — int]
Vil 145 = {ret : Vector<Vector<Integer>> i : int, vl : Vector<Integer>,
v2 : Vector<Integer>,j:int,erg:int,k: int,
mul : Vector<Vector<Integer>> — «aj,m : Vector<Vector<Integer>>}
V2 1,5 = {ret: Vector<Vector<Integer>> i : int, vl : Vector<Integer>,
v2 : Vector<Integer>,j:int,erg: int,k:int,mul : Matrix — oy,
m: Matrix }.

(1.1.1.4.4) TRStmts( o}, 45, Vi 143, Return(LocalOrFieldVar(ret)) :: [],Vi1)

With the result TRStmts was called again from TRStmts for the next statement. Then
TRStmt is called.

In TRStmt for Return the function TRExp was called.
The result is given as:

{ (011,143, Vector<Vector<Integer>> Vi 43) }-

(1.1.1.4.4) TRStmts( o113, Vit 143, Return(LocalOrFieldVar(ret)) :: [],Vi1)

The result is given as:

V' 1 us\{ret : Vector<Vector<Integer>> i: int})}.

(1.1.1.4.5) TRStmts( 07,45, V21143, Return( LocalOrFieldVar(ret)) :: [],Vi1)

Analogous to the first case the result is given as:

V2 1 as\{ret : Vector<Vector<Integer>> i : int})}.
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(1.1) TRstart( BlOCk( Bl, ), Vi, Vfields,methods )

In (1.1.1.4.3) two different types von ret were reconstructed. Theses two traces were both
divided again. The result are four different triples with respective reconstructed types.
In the following let

v 1 . L.
Vitiss = Viirss\{ret : Matrix,i:int},

‘/12./1.1.3,3 =V 55\{ret : Matrix, i : int},

Vs = Vi a5\ { ret : Vector<Vector<Integer>>,i : int },

and

V2 Las = V21 .s\{ret : Vector<Vector<Integer>>,i : int }.

Then, the result

. 1
{ (011135 Matrix, Vil 1 55)

(
(
(
(

. : ) )

1133 Matrix, V2 53), ,

011143, Vector<Vector<Integer>> Vi | 13),
y

1
1
o
1
1
021143, Vector<Vector<Integer>> V7 | ,3)}

is returned to TRstart.
Then, in TRstart the following is done:
— 01 = RetType(mul, ‘/11.’1.1,3,3) =

— unify; = TUnify _. (Matrix, a; )
= { [y — Matrix], [a; + Vector<Vector<Integer>>|}

— 0 = RetType(mul, Vi | 55) = oy

— unify, = TUnify .. (Matrix, a; )
= {[ay — Matrix|, [a; — Vector<Vector<Integer>>|}

— 03 = RetType(mul, V' 4 5) = o

— unifyy; = TUnify .. (Vector<Vector<Integer>>,a; )
= { [y — Vector<Vector<Integer>>]}

— 04 = RetType(mul, Vi | ,5) = oy

— unify, = TUnify _. (Vector<Vector<Integer>>, ;)
= {[ay — Vector<Vector<Integer>>]}
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— rety = { ([a; + Matrix],

Vi1 35\{mul : Vector<vVector<Integer>> — a; }

U{mul : Vector<Vector<Integer>> — Matrix })
([ee; — Vector<Vector<Integer>>|,

Vi 1 35\{mul : Vector<Vector<Integer>> — a; }

U{mul : Vector<Vector<Integer>> — Vector<Vector<Integer>>})
([ — Matrix],

V2 a5\ {mul : Matrix — o; } U {mul : Matrix — Matrix})
([ee; — Vector<Vector<Integer>>|,

VP11ss\{mul : Matrix — a; }

U{mul : Matrix — Vector<Vector<Integer>>})
([e1 — Vector<Vector<Integer>>|,

Vi Las\{mul : Vector<Vector<Integer>> — o }

U{mul : Vector<Vector<Integer>> — Vector<Vector<Integer>>})
([ee; — Vector<Vector<Integer>>|,

‘/12,1145\{ mul : Matrix — oy }

U{mul : Matrix — Vector<Vector<Integer>>})}

The result is then given as ret;.

(1) TRprog( A, absMatrix)

In TRprog finally, the intersection type of the different reconstructed type is built:

Ayarriz = {mul® Vector<Vector<Integer>> — Matrix)
Matrix — Matrix)
Vector<Vector<Integer>> — Vector<Vector<Integer>>)

Matrix — Vector<Vector<Integer>>)}

PR

A
A
A
The result is then given as:

{ AVa,Vector<a>7 AIntegen AMatrix }

HIER WEITERMACHEN

NOCHMALS UEBERPRUEFEN, OB NICHT BY TUNIFY-AUFRUFEN ALTE ZUORD-
NUNGEN VON ALLTEN UNIFIKATOREN RAUSFALLEN
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5.6 Implementation
- Wie detaiiert soll eine Implementierung beschrieben
werden?

5.7 Comparision of our approach to other existing
approaches

In this section we compare our approach to the existing approaches presented in section
5.2. In the first part we give a comparison to the flow analysis approach. Then we show
how our approach is more comprehensive than the refactring approaches, which infers
parameters of raw declared types. Finnally we compare it to the milner-like approaches.

5.7.1 Flow analysis approaches

The approaches in [PS91, OPS92, APS93, PS94] respectively in [PC94, Age95, WS01]
base on data flow analysis to construct the constraints. Finally the constraint system is
solved. In contrast our approach, like the Hindley—Milner approach, computes the types
by assuming types for the methods, which are transformed to the result by unifying during
a tree trace of the program’s abstract syntax tree.

Besides the fundamental differences of the type inference algorithms, the flow analysis
approaches differ in the goal. While we try to find a most principle type, here a mostly
concret type is demanded. The approaches are developed for code optimization. In
contrast our approach is developed for reusing application code. These two approaches
are contrary.

The following example shows the differences. We give the example in Java-like syntax.

interface Compareable<T> {
int compareTo(T o);

}

class Max {
max(x, y) {
if (x.compareTo(y) > 0) return x
else return y;

}
}

class Main {
main () {

max(1.1, 1.2);
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max(1,1);

-
}

The result of our type inference algorithm would be
<T> max : Compareable<T> X Compareable<T> — Compareable<T>.

In main in the first call of max the parameter T would be instantiated by Float and in the
second call it would be instantiated by Integer, as Float implements Compareable<Float>
as well as Integer implements Compareable<Integer>.

In [PS94] the type

<T> max : Compareable<T> X Compareable<T> — Compareable<T>

is considered as unprecise. Therefore, the type for max is determined not until is max is
called. This leads to two discriminated types for

max : Compareable<Float> X Compareable<Float> — Compareable<Float>
and
Compareable<Integer> X Compareable<Integer> — Compareable<Integer>.

These different type informations are important for the code optimization as the compareTo
methods of floats and integers are completely different.

Subsumed the approaches determine not most principle types, like our approach, but they
determine mostly concret types.

5.7.2 Converting raw types to parametrized types

If we consider the algorithms in [DKTE04, FTK™05], we see that they base on the algo-
rithms of flow analysis approaches. This means that the algorithms are basically different
to our type inference algorithm, as decribed in section 5.7.1.

Furthermore, there is another fundamental difference. There is no statement, no variable,
no argument, and no function result without any type information. The type informations
are only not precise. This leads to the difference that these algorithms need not to consider
data- and function polymorphism, which means that the problem, which is solved by our
algorithm, could be considered as an extension of the problem inferring type parameters.

S—unification

In [DKTEO04] in the algorithm determining the types of the allocation sides there is one
affinity to our approach. The S-unification is similar to our type unification algorithm
(cp. section 4.2). Both algorithms unify sub-types. But, there are three main differences.



5.7. COMPARISION OF OUR APPROACH TO OTHER EXISTING APPROACHES145

First in the S—unification algorithm type variables can only occur in the side of the greater
type. This means that only contraints of the form type <* typvar (lower bounds) can be
derived. The second difference is, that in the S—unification algorithm the constraints are
preserved during the rest of the calculation, while in our algorithm the constraints are
immediately solved. The preserving of the constraints has the advantage that only for the
lower bounds of the solutions the algorithm is recursively called, while in our algorithm
for all solutions the algorithm is recursively called. If we would also call the algorithm
only for the lower bounds, we would possibly loose some solution as, following from the
first difference, in our approach also upper bounds are allowed. Additonally, we need not
do resolution as our algorithm gives real results, while the S—unification gives constraints
(lower bounds) of the results. The third difference is, if we have determined one constraint
for a type variable and solved subsequently, we substitute all other occurences of the type
variable by the respective solution, such that later on never another constraint could
be determined for this type variable. The means the reunification of the S—unification
algorithm is unnecessary in our algorithm.

5.7.3 Cecil

The main differences to our type system are the existence of functions objects of the form
Awy 2 Ty, ... v, 0 T,) : T,.{B} and the lack of intersection types to describe overloading.
These intersection types are here not necessary, as only type-checking and not type-
inference is the goal.

A further difference is the existence of a subsumption rule , which determines that if
an expression has a type it has also all supertypes of this type. If there would be a
type-checking rule for the assignment, this would let to an unsound type-system?, as the
following example shows.

Example 5.60 Let the following class declaration be given

class A {
B f;
}

class B extends A {... }

Then, newhA().f = newA(); is valid, although newA().f has the type B and the left hand side
of an assignment must be greater than the right hand side. The reason is that newhA().f
has also the type A, as it holds B<A.

5.7.4 Milner-like approaches

The idea of our approach is, that we took the the Hindley—Milner approach, which gives
a type inference algorithm for the A-calculus. We erase in our approach the function

“In [DEK99] the soundness of Java (with generics) is defined as preserving types up to the sub-
class/subinterface relation during program execution.
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constructor —, as in Java 5.0 there are no A-terms. Instead of the function constructor
we need function types 6; x ... x 6, — 6y (cp. definition 5.1) for the type description
of methods. As the arguments of methods in Java 5.0 have either base types or simple
types the types 6 .. .6, are no function types, which menas that the type system has no
higher-order function types.

Furthermore we add to the type system data-polymorphism and function-polymorphism,
which means that ad-hoc polymorphism respective overloading is introduced. We do this
by multiplying the set of type assumptions in case of data- or function-polymorphism.
This leads finally to the property that the result can be an intersection type of function
types.

Now, we explain by means of the main example in [EST95a], here given in the language
I-LOOP, the different possiblities of object—oriented languages with and without higher-
order functions. In [EST95a] two classes View and GView are defined. GView is a subclass
of View. The idea is that a view is dependant of other views, which is realized by a field
dep in View. Furthermore there is a method doall, which is parametrized by an arbitrary
function. The method doall applies the arbitrary function to itself and to all dependant
views.

First we present the example as a Java 5.0 program without typings:

class View {
View dep;

doall (fu) {
fu.f(this);
if (dep == null) return new Empty();
else dep.doall(fu);

}

setDep(v) { dep = v; }

}

class GView extends View {

draw () { return new Empty(); }

}

interface Function {
Empty f(View v);

class FuDraw implements Function {
f(ob) { return ob.draw(); }
}

class Empty { }
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class Main {
pulic static void main(String[] args) {

vl = new View();

gl = new GView();

g2 = new GView();

g3 = new GView();

gl.setDep(v1);

g2.setDep(g3);

FuDraw fudraw = new FuDraw();
g2.doall (fudraw) ;

}

The parameter function of doall, which should be applied to the view and to all depen-
dant views is hidden in the interface Function. This means that for each application
of the method doall an own class has to be written, which implements the interface
Function. In the given case the method draw of themselves should be invoked. Therefore
the class FuDraw is implemented.

The following implemenentation is done in PIZZA, which contains higher-order functions
and A-terms.

class View {
View dep;

Empty doall ((View)->Empty f) {
f(this);
if (dep == null) return new Empty();
else dep.doall(f);

//never reached
return new Empty();

}

void setDep(View v) { dep = v; }

}

class GView extends View {

Empty draw () { return new Empty(); }

}

class Empty { }

class Main {
public static void main(String[] args) {
View vl = new View();
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GView gl = new GView();

GView g2 = new GView();

GView g3 = new GView();

gl.setDep(vl);

g2.setDep(g3);

g2.doall(fun(GView ob)->Empty { return ob.draw(); });

In this implemenentation the parameter £ of the method doall has a higher-order type
(View)->Empty. This means that the method calls of doall expect a function as argu-
ment. In the last line of Main such an argument is given by the A-term fun(GView ob)
-> Empty { return ob.draw(); }. The hiding of the parameter function in an interface
and its implemenentation, respectively, is not longer necessary.

Unfortunately, both implementations are not type correct. In the Java 5.0 implementation
the type-inference algorithm infers for the method £ in the class FuDraw the function type
GView — Empty. But then FuDraw is not an implementation of the interface Function, as
for £ in Function the type View — Empty is demanded. The PIZZA implementation has
an analogous problem. The A—term fun(GView ob)->Empty { return ob.draw(); }
has not the demanded type (View)->Empty of the argument of doall.

In [EST95a] this example is used to explain the two philosopies subclasses are subtyping
respective inheritance is not subtyping [CHCI0]. If the field dep in the subclass GView
would have the type GView then for the argument f of doall the type (GView)->Empty
would be inferred. Then the method call in Main would be type correct.

Nevertheless, in [EST95a] in the constraints no inconsistency could be found. In the
languages I-LOOP the types of fields are also inferred, which means following the philosopy
inheritance is not subtyping that for the field dep in the subclass GView the type GView
could be inferred. As g2 and g3, respectively, are instances of GView, such typing would be
correct, although in Java 5.0 and in PIZZA, respectively, the program is not type correct.
The main problems of this type system are that the types are larger and less easily readable
for programmers than the types of the Hindley—Milner type system.

5.7.5 OCAML

In this section we give first a comparison of the approaches of OCAML/SML and Java 5.0,
generally. Then, we consider the differences of subtyping, specially.

General difference

The main difference between the approaches of the type systems are that SML (Hindley—
Milner) allows higher-order types for the functions explicitly, where in Java 5.0 only first-
order types for methods are allowd. Implicitly, higher-order types are allowed by hiding
in objects. The following example shows this
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Example 5.61 We consider the function map which applies another function to each
element of a list, respectively to each element of a vector.

In OCAMLmap is defined as:

NOCH TESTEN

let rec map f = function
0 ->10
| x :: xs => (£ x) :: (map £ xs)

The type of map is (a— > 3)— > alist— > flist

In Java 5.0 an interface has to be declared, such that the map function can be defined in
this way.

interface function<a,b> {
b f (ax);

}

Then, the method map can be declared by:

Vector<b> map (function<a,b> fu, Vector<a> v) {
Vector<b> ret = new Vector<b>();
for(int i=0; i<v.size(); i++) {
ret.add(fu.f(v.get(i)));
}

return ret;

}

The type of map is a first-order type function < a,b > x Vector < a >— Vector < b >.
The main problem of this “higher-order type hiding” is, that for each instantiated function
no its own class must be declared. For example if a Vector of Integers is transformed
in Floats, the following class trans must be declared:

class trans implements function<Integer,Float> {
public Float f (Integer i) {
return new Float(i);

}

If we consider these different approaches, the OCAMLapproach seems more flexible. The
flexibility implicates that full autmatically type inference is impossible. In [Lei83] is proved
that in a higher-order type system with subtyping and overloading the type inference
problem is not decidable.
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Subtyping

In OCAMLsubtyping is never implicit. This means that there are coercions necessary.
This means that the implementation of the matrix multiplication in OCAMLIleads not to
an intersection type.

class matrix a =
object (this)
inherit [int vector] vector a
method mul (m : matrix) =
let ret = new matrix (new vector 0) in
for i = 0 to this#size do
let vl = this#elementAt i in
let v2 = new vector O in
for j = 0 to vl#size do
let erg = ref 0 in
for k = 0 to vi#size do

erg := 'erg + ((vi#elementAt k) * (((m#elementAt k)#elementAt) j));
v2#add lerg
done;
ret#add v2;
done;
done;
ret

end;;

Furthermore the type inference system is not able to determine a real type for the method
mul. The following error message is given:

(< elementAt : int -> < elementAt : int -> int; .. >; .. > as ’a) -> matrix
where ’a is unbound

This means that the system determines the record, of the type signature, but is not able
to map to this record to a class. If the argument is typed by matrix then the following
result is determined:

class matrix :

int vector ->

object
val mutable 1 : int vector array
method add : int vector -> unit
method elementAt : int -> int vector
method mul : matrix -> matrix
method size : int

end
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5.7.6 ImplicitPoly-Tiger

The ideas which are given in [App02] are the nearest to the ideas of our type inference
system. In ImplicitPoly-Tiger in contrast to our approach are only no intersection types
introduced, which means that the user declared functions are not overloaded. This leads
to the fact that the type reconstruction can be traced back to the ordinary unitary unifi-
cation.
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Appendix A

Abstract syntax
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Appendix B

Type reconstruction example

HIER WEITERMACHEN

IN TRStmts AM ENDE DIE HINZUGEFUEGTEN LOKALEN VARIABLEN WIEDER
ENTFERNEN UND NUMMERIERUNG UEBERPRUEFEN. ENDREKURSIVE AUFRUFE
ERHALTEN KEINE NEUE NUMMER.

4. ARGUMENT IN TRStmts EINTRAGEN

In this section we complete the type reconstruction example from section 5.5.2. The
Java 5.0 program, which types are reconstructed is given as:

mul (m) {
ret =
i=0;

class Matrix extends Vector<Vector<Integer>> 1

It

new Matrix ();

wvhile(i < size()) {

vl = this.elementAt(i);
v2 = new Vector<Integer> ();
j=0;
while (j < vi.size()) {
erg = 0;
k = 0;

}

while (k < vi.size()) {
erg = erg + vl.elementAt(k).intValue()
* (m.elementAt(k)).elementAt(j).intValue();
k++;
¥
v2.addElement (new Integer(erg));

jt+;

ret.addElement (v2);

it++;

}

H

return ret;
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The coresponding abstract syntax is given in section 5.4.2.

Only the emphasized while—loop is considered in this appendix. The framework is con-

sidered in section 5.5.2. From this follows for the type unifier

0 = |ag — Matrix, ay — int],

for the set of local type assumptions

V={mul:as — a;,m : ag,ret:Matrix,i: int}
and for the set of type assumptions of other classes
Avavector<a> = { elementAt : int — a

addElement : a — void
size :— int }

and
Atnteger = {<init>Integer :int — Integer
intValue :— int }.

Now we reconstruct the types for the while—loop:

(1) TRStmt(o,V, WhileStmt( Less(...),Block(...)))

First, for the condition expression the function TRExp is called.

(1.1) TRExp(o,V,Less( LocalOrFieldVar( i), MethodCall( this, size( ))))

In the TRExp algorithm for Less first TRExp is called again for the first argument.

(1.1.1) TRExp(o,V, LocalOrFieldVar(1i))
The result is { (o, int, V) }.

(1.1) TRExp(o,V, Less( LocalOrFieldVar( i ), MethodCall( this, size( ))))

Then, TRExp is called for the second argument.

(1.1.2) TRExp(o,V, MethodCall( this, size( ) ))

First, TRtuple is called with the receiver this. The result of this call ist { (o, Matrix, V) }.

Then, the function TRMCallApp is called.



(1.1.2.1) TRMCallApp( (o, (Matrix),V,size( )))

AVa,Vector<a> = {elementAt cint — a
addElement : a — void
size :— int }

— (019, — 01) = (Vector<f3;> — int)

— unify; = TUnify _. (Matrix, Vector<f;>) = [3 + Vector<Integer>]
— T€Syector = { (0,int, V) }

— case; = {(o,int, V) }

— casey = ()

This means that the result is { (o, int, V) }.

(1.1) TRExp(o,V, Less( LocalOrFieldVar( i), MethodCall( this, size( ))))

As the return types of both arguments are int and respectively only one result is given,
the result of this function call is { (0, boolean, V) }.

(1) TRStmt(o,V, WhileStmt( Less(...),Block(...)))

After the type reconstruction of the condition the TRStmts is called for the statements of
the Block.

(1.2) TRStmts(o,V, LocalVarDecl(v1) :: Assign(...) :: stmts, V')

The result of TRStmt( o, V, LocalVarDecl(v1) ) is { (o,void,V U {vl:as5})}.
In the following let
Vie=V U {vl:a;}.

With the result TRStmts was called again for the next statement. Then TRStmt is called.

(1.2.1) TRStmt( o, V)9, Assign( LocalOrFieldVar(v1 ), MethodCall( this,...)))
In TRStmt the function TRExp is called.

(1.2.1.1) TRExp( o, Vi, Assign( LocalOrFieldVar(v1 ), MethodCall( this,...)))
In TRExp the function TRtuple is called.

(1.2.1.1.1) TRtuple( (o, €, V19, (LocalOrFieldVar(v1 ), MethodCall( this,...)))

The result of TRmultiply( (o, €, V1.2, LocalOrFieldVar(vt)) is { (o, as, Vi) }.
With this result the function TRtuple is called again for the second expression. In TRtuple
the function TRExp is called from TRmultiply.
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(1.2.1.1.1.1) TRExp( (o, V4.2, MethodCall( this, elementAt( LocalOrFieldVar(i))))

In TRExp first TRtuple ist called. The result of TRtuple is { (o, (Matrixint), Vi) }.
Then, the function TRMCallApp is called.

(1.2.1.1.1.1.1) TRMCallApp( (o, (Matrix int), V), elementAt( LocalOrFieldVar(i)))

—  Avavector<a> = { elementAt : int — a
addElement : a — void
size :— int }
— (00,0, — 0;) = (Vector<f3,>, int — Vector<Integer>)
— unify; = TUnify _. ((Matrix, int), (Vector<f;>,int) ) = { [J + Vector<Integer>] }
— T€Syector = { (0, Vector<Integer> Vo) }
— case; = { (0,Vector<Integer> V) }

— casey =0

This means that the result is { (o, Vector<Integer>, Vi) }.

(1.2.1.1.1) TRtuple( (o, €, V19, (LocalOrFieldVar(v1 ), MethodCall( this,...)))

The result is { (0, (a5 Vector<Integer>), Vi) }.

(1.2.1.1) TRExp(o, Vi, Assign( LocalOrFieldVar(v1 ), MethodCall( this,...) ))
— unfiy = TUnify _. (Vector<Integer>, a5 ) = { [ — Vector<Integer>] }

— sub([a5 — Vector<Integer>joo, Vio) = Vio\{vl:as} U{vl:Vector<Integer>}

In the following let
01211 = |5 — Vector<Integer>| oo

and
Viea1 =Via\{vl:as} U {vl:Vector<Integer>}.

Then, the result is given as { 01211, Vector<Integer> Vio11 }.

(1.2.1) TRStmt( o, V4.9, Assign( LocalOrFieldVar( v1 ), MethodCall( this,...) ))

The result is { 01211, v0oid, V1211 }.

(1.3) TRStmts( 01211, Vi21.1, LocalVarDecl(v2) :: Assign(...) :: stmts, V')

With the result TRStmts was called again for the next statement.
The result of TRStmt( 04211, Vi211,LocalVarDecl(v2)) is { (01211, void, Via1g U {v2:
ag}) }.
In the following let
Vig=Vio11 U{v2:a}.
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(1.4) TRStmts( o211, V1.3, Assign( LocalOrFieldVar(v2),...) :: stmts, V') (1.4.1.1.1) TRStmt(o}, 1 Vi,
MethodCall( LocalOrFieldVar( ret ),

With the result TRStmts was called again for the next statement. addElement ( LocalOrFieldVar(v2) )))

The result of
The application of TRExp, TRtuple, and TRMCallApp leads to the result:
TRStmt( 01911, Va3, Assign( LocalOrFieldVar( v2 ), New( Vector<Integer>,())))
{([o15 + Vector<Integer>| oo}, ,,void, Vi ) }.

{ (01211 U [a — Vector<Integer>] void, (1.4.1.1.2) TRStmt(0?,,,, V11
Vis\{v2:as} U {v2: Vector<Integer>})} MethodCall( LocalOrFieldVar( ret ),
With this result TRStmts is called twice. addElement( LocalOrFieldVar(v2))))
In the following let Analogous the result is given as:
014 = 01211 U [ag — Vector<Integer>], { ([ons — Vector<Integer>| o o7 ,,,void, Vi, ) }.
and (1) TRStmt( o, V, WhileStmt( Less( ... ), Block(...)))

Via=Vis\{v2:as} U {v2: Vector<Integer>}.
As the call of TRStmts for

1.4.1) TRStmt , V1.4, LocalVarDecl( j ) :: Assign( LocalOrFieldVar(j),...) :: stmts, V. . ) ) )
( ) mts( 914, Vi LocalVarDecl(y) :: Assign( LocalOrFieldVar(3),....) :: stmts, V) Assign( LocalOrFieldVar( i), Add( LocalOrFieldVar( i), IntLiteral(1)))

The result of the calling of TRStmts respectively TRStmt for the LocalVarDecl- and the
Assign-statement is { (014 U [a7 — int],void,Vi4 U {j:int })} only removes the type assumptions for the local variables, the result is given as

In the following let \

0141 = 014 U [a7 — int] {([o5 — Vector<Integer>| o o], ,void, Vil ;\{ vl : Vector<Integer>, v2: Vector<Integer>,j : int }

4. . ) ‘

([ar14 — Vector<Integer>| o o7, 4, void, Vi3 | \{ vl : Vector<Integer> v2: Vector<Integer>,j : int }
and

Vier =Via U {3z dne ). B.1 Type reconstruction of the middle while-loop

(1.4.1.1) TRStmt( o141, Via1, WhileStmt(Less(...), Block(...))) In this section we complete the type reconstruction example from appendix B. The

With the result TRStmt was called for the next statement by an again calling of TRStmts. Java 5.0 program, which types are reconstructed is given as:

The result is (cp. section B.1):
( P ) class Matrix extends Vector<Vector<Integer>> {

0114_1_1 = [ ay3 — Integer, oy — Integer, ayg — Vector<Integer>, :
ap — Vector<Vector<Integer>> ag + int, ag +— int, a3 — Matrix, ak w) l - .
a4+ int, a5 — Vector<Integer>, g — Vector<Integer>, ay — int] #ez BAnew fate O
(7%4.1‘1 = [ «ayy — Integer, oo — Integer, oy — Matrix, ag — Vector<Integer>, x-lahile’(i < sizeO) {
ag — int, ag — int, a3 — Matrix, a4 — int, a5 — Vector<Integer>, vl = this.elementAt(i);
ag — Vector<Integer>, as + int] v2 = new Vector<Integer> ();
Vi, 11 = {ret:Matrix, i: int,vl: Vector<Integer>,v2: Vector<Integer>, j =0;
j:int,erg:int,k: int,mul : Vector<Vector<Integer>> — «y, while (j < vi.size()) {
m : Vector<Vector<Integer>>} erg = 0;
V12,4.1.1 = {ret : Matrix,i: int, vl : Vector<Integer> v2: Vector<Integer>, k = 0;
j:int,erg:int,k: int,mul : Matrix — oy, m: Matrix }. while (k < vl.size()) {

erg = erg + vl.elementAt(k).intValue()
The type reconstruction of the WhileStmt is considered in section B.1. * (m.elementAt(k)).elementAt(j).intValue();
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k++;

}
v2.addElement (new Integer(erg));
J++;

H

ret.addElement (v2) ;
i++;

1
J

return ret;

1
J

The coresponding abstract syntax is given in section 5.4.2.
Only the emphasized middle while-loop is considered in this section. The framework is
considered in appendix refsec:whilefirst. From this follows for the type unifier

o= oz — Matrix, a, — int,
a5 +— Vector<Integer>, o — Vector<Integer>, a7 — int|(= 01.41),

for the set of local type assumptions

V= {mul Ty — op,m o, ret:Matrix,i: int,
vl : Vector<Integer> v2: Vector<Integer>,j : int }(= Vi41)

and for the set of type assumptions of other classes

Avavector<as = {elementAt cint — a
addElement : a — void
size :— int }

and
Atnteger = { <init>Integer : int — Integer
intValue :— int }.

Now we reconstruct the types for the middle while—loop:

(1) TRStmt(o,V, WhileStmt( Less(...),Block(...)))
The tyeps for the expression

e Less(LocalOrFieldVar( j ), MethodCall( LocalOrFieldVar(v1 ), size( )))

and the statements
e LocalVarDecl( erg)
e Assign( LocalOrFieldVar(erg), IntLiteral(0))
e LocalVarDecl(k)
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e Assign( LocalOrFieldVar(k), IntLiteral(0))

are reconstructed analogously as in appendix B.
The result is { (0 U [ag — int, g — int],void,V U {erg: int,k: int }) }.
In the following let

o1 = [ag — int,ag — int| oo,

and
Vi=V U {erg:int,k:int}

Then TRStmt for the next while-loop is called.

(1.1) TRStmt(oy, Vi, WhileStmt( Less(...),Block(...)))

The result of
TRExp( o1, Vi, Less( LocalOrFieldVar( x ), MethodCall( LocalOrFieldVar( vt ), size( ))))

is { (01, boolean, V) }.

(1.1.1) TRStmt( oy, V1, Assign( LocalOrFieldVar(erg),...))

With the result TRStmts was called again for the next statement. Then TRStmt is called.
In the function TRStmt for the Assign-statement, the function TRExp is called. In TRExp
the function TRtuple is called.

(1.1.1.1) TRtuple( oy, V1, (LocalOrFieldVar(erg), es))

where e; = Add( LocalOrFieldVar( erg),
Mul( MethodCall(
MethodCall( LocalOrFieldVar( v1),
elementAt( LocalOrFieldVar(k) ) ),
intValue( ) )
MethodCall(
MethodCall(
MethodCall(
LocalOrFieldVar(m),
elementAt( LocalOrFieldVar(k) ) ),
elementAt( LocalOrFieldVar(j) ) ),
intValue( ) ) ) )

The result of TRmultiply( oy, Vi, LocalOrFieldVar(erg) ) is { (o1, int, V1) }.
With this result the function TRtuple is called again. In TRtuple the function TRExp is
called by the function TRmultiply.
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(11111) TREXP( a1, ‘/17 62)

The result of TRExp( oy, V4, LocalOrFieldVar(erg) ) is { (o1, int, 14) }
Then TRExp is called again.

(1.1.1.1.1.1) TRExp( o, V4, Mul( MethodCall( . .. ), MethodCall(...)))

The result of first argument

TRExp( 01, Vi, MethodCall( MethodCall( LocalOrFieldVar(v1),
elementAt( LocalOrFieldVar(k))),
intValue( )))

is { (o1, 1int, V4) }
For the second argument TRExp is called again.

(1.1.1.1.1.1.1) TRExp(oy,Vi,¢e)

where e = MethodCall(
MethodCall(
MethodCall(
LocalOrFieldVar(m),
elementAt( LocalOrFieldVar(k) ) ),
elementAt( LocalOrFieldVar(j) ) ),
intValue( ) )

With TRtuple and TRmultiply the function TRExp is called.

(1.1.1.1.1.1.1.1) TRExp(oy, Vi, €')

where ¢/ = MethodCall(
MethodCall(
LocalOrFieldVar(m),
elementAt( LocalOrFieldVar(k) ) ),
elementAt( LocalOrFieldVar(j) ) )

In TRExp the function TRtuple is called.
LAYOUT STIMMT NOCH NICHT

(1.1.1.1.1.1.1.1.1) TRtuple( (o1,¢,V1),€")

with e’ = (MethodCall( LocalOrFieldVar(m), elementAt( LocalOrFieldVar(k)) ),
elementAt( LocalOrFieldVar(j)))

TRExp is called again from TRmultiply for the first expression.

163

164 APPENDIX B. TYPE RECONSTRUCTION EXAMPLE

(1.1.1.1.1.1.1.1.1.1) TRExp( 01, MethodCall( LocalOrFieldVar(m),
elementAt( LocalOrFieldVar(k))))

First, in TRExp the function TRtuple is called for the receiver an the argumet expression

of the Method—expression.

(1.1.1.1.1.1.1.1.1.1.1) TRtuple( (o1,€, V1), (LocalOrFieldVar(m) LocalOrFieldVar(k)))

By the functions TRmultiply and TRExp follows the result { ((o1, (@ int), V7) }.

(1.1.1.1.1.1.1.1.1.1) TRExp( 01, MethodCall( LocalOrFieldVar(m),
elementAt( LocalOrFieldVar(k))))

Second, with the result { ((o1, (g int), V1) } the function TRMCallApp is called.

(1.1.1.1.1.1.1.1.1.1.2) TRMCallApp( (01, (g int), V}), elementAt( LocalOrFieldVar(k)))

Avavector<a> = { elementAt : int — a
addElement : a — void
size :— int }

1

= Opew = 1

new
— (010,0,1 — 0) = fresh(Vector<a>, int — a) = (Vector<ayo>, int — ayg)
— unify; = TUnify _. ((az int), (Vector<ayo>, int) )
= { [an — Vector<ayo>], [z — Matrix, ayg +— Vector<Integer>| }
— substset;= { ([ag — Vector<aso>] o o1,
Q104
Vi\{mul: s — a;,m: as}
U{mul : Vector<a;o> — ay,m: Vector<ayo> }),
([ez ¥ Matrix, ayg — Vector<Integer>] o oy,
Vector<Integer>,
Vi\{mul : oy — ay,m: ap } U{mul : Matrix — a;,m: Matrix }) }
= relyector
= case;
— cases =)
In the following let

U'll'RMCaIIApp = [y = Vector<ayo>] o oy
TTRMCallApp = [ +— Matrix, oy +— Vector<Integer>] o oy
Virmcaiiape = Vi\{mul : ag — ag,m: as }
U{mul : Vector<aio> — ay,m: Vector<aso> }
V'lgRMCaIIApp =Vi\{mul: s — a;,m: s } U{mul : Matrix — oy, m: Matrix }.

The result is then

1 1 2 2
{ (oTrRMCalApe: 10; ViRmCallapp) s (TTRMCallApp: VECTOT<INteger>, Virmcanapy) }-
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(1.1.1.1.1.1.1.1.1) TRtuple( (o1,¢,V1),€”)

Now, the function TRtuple is called twice, for each triple of the result respectively.

(1.1.1.1.1.1.1.1.1.2)  TRtuple( o1rmcaiapp: €105 ViRMCallapp):
elementAt( LocalOrFieldVar(j)))

With TRmultiply and TRExp the result is given as

{ ((T'lfRMCaIIpr (@10 int), VTIRMCauApp) }

(1.1.1.1.1.1.1.1.1.3)  TRtuple( 03 gmcannpp; Vector<Integer>, Vizucaiapp)
elementAt( LocalOrFieldVar(j)))

With TRmultiply and TRExp the result is given as

{ (O-%RMCaIIAppa (Vector<Integer> int), V'I?RMCaIIApp) }

(1.1.1.1.1.1.1.1.1) TRtuple( (o1,¢,V1),€”)

Then the result is given as

{ (O—'}'RMCaIIpr (a0 int), VTlRMCanApp)v (U'QI'RMCaIIApp7 (Vector<Integer>int), V‘I?RMCaIIApp) }.

(1.1.1.1.1.1.1.1) TRExp(oy, Vi, ¢')
For each triple of this result, the function TRMCallApp is called.

(1.1.1.1.1.1.1.1.2)  TRMCallApp( (o1rmcaiapp: (@10 i0t), Virmcanapp):
elementAt( LocalOrFieldVar(j)))

AVa,Vector<a> = {elementAt cint — a
addElement : a — void
size :— int }

— (51_0,5171 — 0,) = fresh(Vector<a>, int — a) = (Vector<ai; >, int — )

— unify, = TUnify .. ((ayp int), (Vector<ay;>, int) )
= { [ayp — Vector<ay;>|, [y > Matrix, oy +— Vector<Integer>] }

— substsety= { ([o1g — Vector<aii>] © orrmcaiapp:
11,
1 . .
Virmcaliapp \{ Ml : Vector<ase> — ay,m: Vector<ase> }
U{mul : Vector<Vector<ay;>> — ay,m: Vector<Vector<ay;>>}),
([aro — Matrix, amy — Vector<Integer>] o olrmcaiapp:
Vector<Integer>,
Virmcaliapp \{ mul : Vector<ajo> — oy, m : Vector<age> }
U{mul : Vector<Matrix> — «aj,m : Vector<Matrix>}) }
= Telyector
= case;
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— casey =)
In the following let

Olitini112 = [0~ Vector<ays>] o U'II'RMCaIIApp
0711111112 = @10 — Matrix, ayy — Vector<Integer>] o U"}'RMCaIIApp
Viiiiiiie = V‘#RMCauApp\{"‘U1 : Vector<ayp> — ap,m : Vector<ao> }
U{mul : Vector<Vector<aj;>> — aj,m : Vector<Vector<a;;>> }
Viiiiiiie = Virmcaniapy \{ mul : Vector<aso> — ai,m: Vector<aio>}
U{mul : Vector<Matrix> — «a;,m: Vector<Matrix> }.

Then, the result is given as

(1.1.1.1.1.1.1.1.3)  TRMCallApp( (03 gpmcaiiapy: (Vector<Integer>int), Vigucaiapp):
elementAt( LocalOrFieldVar(j)))

Avavector<a> = { elementAt : int — a
addElement : a — void
size :— int }
— (?1,(),51,1 — 0)) = fresh(Vector<a>, int — a) = (Vector<a;,>, int — ays)

— unify; = TUnify _. ((Vector<Integer>int), (Vector<ay,>,int))
= { a2 — Integer] }

— substsety= { ([a12 — Tnteger] o 0Tgmcaiiapp:
Integer,

2
VTRMCaIIApp) }
= T€lyector
= case;

— casey =)
In the following let

_ 2
Ori1111113 = [ = Integer] o oirmcaiapp
_ 2
Vitriiinis = VirMcanapp

Then, the result is given as:

{ (0111111103, Integer, Vigaai111s) }-
(1.1.1.1.1.1.1.1) TRExp(oy,Vi,¢’)
The result is given as:

1 1
{ (01.1.1.1.1.1.1.1_27 Q1, ‘/1_1_1.1.1.1.1.1.2)’

(01.1.1.1.1.1.1.1.3-, Integer, V1.1.1.1.1.1.1.1.3) }
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(1.1.1.1.1.1.1) TREXP( a1, ‘/17 6) (1.1.1.1.1.1.1.4) TRMCaII/—\pp( (0’1_1»1_1_1_1_1»1_3, Integer, ‘/'1_1_1_11_1_1_1_3)7 intValue( ) )
For each triple of this result, the function TRMCallApp is called. —  Amnteger = {<init>1ntegeI :int — Integer
intValue :— int }.
(1.1.1.1.1.1.1.2)  TRMCallApp( (01 1 1111112, @11, Vitii1a1112), intValue( ) — (010,0,) = (Integer, int)
Atnteger = { <init>Integer : int — Integer — unify; = TUnify _. (Integer, Integer) = {[] }
intValue :— int }. — substset;= { (01.1.1.1.1.1.1.1.3,
— (5170751) = (Integen int) %ﬁt7 )}
— unify; = TUnify .. (aq1, Integer ) = { [ay1,— Integer] } _ Tefll'tl'l'l'l'l'l'l'a
= ~UInteger
— substset;={ ([a11 — Integer| ool 111192 = case;
inlt, — casey =0
Vitiii11i2
\ {mul : Vector<Vector<ay;>> — «a;,m: Vector<Vector<as>> } Then, the result is given as:
U {mul : Vector<Vector<Integer>> — ay,
m: Vector<Vector<Integer>>}) } {(o111100008, 40, Vigia1a13) }-
= retInteger
= casey (1.1.1.1.1.1.1) TRExp(oy,Vi,¢)
~ case; =1 the result is then given as the union of the results of the function calls of TRMCallApp:
In the following let { (171.1.1.1.1.1.1.2-, int, V1.1.1.1.1.1.1.2)7 (01.1.1.1.1.1.1.1.37 int, V1.1.1.1.1.1.1.1.3) }
Oriiniiie = [ — Integer| o of iy 11100 1.1.1.1.1.1) TRE Mul(M
......... %N thodCall( ... ), MethodCall( ...
Vitiaaaaz = Vi1 11110\{mul : Vector<Vector<ai;>> — aj,m : Vector<Vector<ay;>> } ( ) xp(o1, V1, Mul(MethodCall(....), Methodall(....) ))
U {mul : Vector<Vector<Integer>> — «,m: Vector<Vector<Integer>>} As the result of first argument was { (o1, int, V) }, the result of the Mul application is
Then, the result is given as: { (011110002, 108, Vinaaaaae), (0.3, int, Viniiiiias) )
{(ori111112,i0t, Viniaiaa2) } (1.1.1.1.1) TRExp(oy, Vi, e2)
(1.1.1.1.1.1.1.3) TRMCalApp( (02, 1 111 119, Vector<Integer>, V2, | | 111 14), intValue( )) Analogous, follows that the result of the Add—application is also:
AInteger = {<init>Integer :int — Integer { (01,11.1.1.1,1‘2, int, Vl.1.1‘1A1.1.1.2)7 (U1A1.1.1.1,1A1.1.37 int, V1,1A1.1.1.1,1A1.3) }

intValue :— int }

— (Bro. 7)) — (Integer, int) (1.1.1.1) TRtuple( oy, V1, (LocalOrFieldVar(erg), es))
— unify, = TUnify .. (Vector<Integer>, Integer ) = 0 The result is determined by the function TRmultiply:
— substset; = 0 = ret pieger {(01111.111.0, (int int), Vit111002), (111101108, (intint), Viiiia111) }

— case; =0 As in TRExp for the Assign—expression the types int and int are unified, in the result

— casey =) the unifier and the set of type assumptions is not changed:

This means that the result is (). {(o1111111.2,v0id, Vita1111.2), (0111110103, void, Vinai11113) -
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Assign( LocalOrFieldVar(k ), Add( LocalOrFieldVar(k ), IntLiteral(1))))

With the first result TRStmts was called again for the next statement. Then TRStmt is
called.

Assign( LocalOrFieldVar(k ), Add( LocalOrFieldVar(k ), IntLiteral(1))))

With the second result TRStmts was called again for the same statement. Then TRStmt
is called.
The result is analogous:

{(o111111113,v0id, Vig11111.13) }-
(1.1) TRStmt(oy, Vi, WhileStmt(Less(...),Block(...)))
This means that the result is again:

{(o1111111.2,v0id, Vinaaaa2), (0111111103, void, Vi) }-

MethodCall( LocalOrFieldVar( v2),
addElement( New( Integer, (LocalOrFieldVar(erg))))))

First TRtuple is called for LocalOrFieldVar(v2 ) and New( Integer, (LocalOrFieldVar(erg)) ).

The result is:

Then for this result TRMCallApp is called. The result is:

{(o11111112,v01d, Vin111112) )

(1.3) TRStmt(o111111118 Viti11111s,

MethodCall( LocalOrFieldVar(v2),
addElement( New( Integer, (LocalOrFieldVar(erg))))))

Analogous the result is:

{ ([014 — Integer| o oy11.1.11.1.1.3, (Vector<Integer> Integer), Vii11111.1.1.3) }-
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(1) TRStmt(o, V, WhileStmt( Less(...),Block(...)))

As nothing happens during the type reconstruction of
Assign( LocalOrFieldVar( j ), Add( LocalOrFieldVar( j ), IntLiteral(1) ))
the result of the type reconstruction of the middle while-loop is:

{(o1.111111.2,v0id, Vita1111.2), (0111110103, void, Vinai11113) -
with

O111111.12 = [ 13 — Integer, oy — Integer, ;o — Vector<Integer>,
y — Vector<Vector<Integer>> ag + int, ag — int, a3 — Matrix,
a4 +— int, a5 — Vector<Integer>, o +— Vector<Integer> a; — int]
ag — int, ag — int, a3 — Matrix, a4 — int, as — Vector<Integer>,
ag +— Vector<Integer>, a; — int]

Vitiiii1e = {ret :Matrix,i:int,vl: Vector<Integer>,v2: Vector<Integer>,
j rint,erg:int,k: int,mul : Vector<Vector<Integer>> — «y,
m: Vector<Vector<Integer>>}

Viii111113 = {ret :Matrix,i: int, vl : Vector<Integer>,v2: Vector<Integer>,
j:int,erg:int,k: int,mul : Matrix — ap,m: Matrix }.



Appendix C

Type reconstruction example
factorial

In this section we give another example, which shows how inherited fields and recursive
method calls are handled. The Java 5.0 program, which types are reconstructed is given
as:

class Int {
int i;

Int (int i) {
this.i = i;

}

Int mul (Int J) {
return new Int(j.i * this.i);

}
}
class factorial extends Int {
fac() {
if (i==1) return new Int(1);
else {

return this.mul(new factorial(i-1).fac());

}
}

The coresponding abstract syntax for the class factorial is given as:

absfactorial =
class( ClassName( factorial ), extends( Int ),
Method( <init>factorial, factorial, (i : int),
Block( super( LocalOrFieldVar(i) ) ) )
Method( fac, 0, (),
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Block(
[fStmt(
Equal(InstVar( this, i), IntLiteral(1) ),
Block( Return( New( Int, (IntLiteral(1))) ) ),
Block( Return( MethodCall(
this,
mul ( MethodCall(
New( factorial,
Minus( InstVar( this, i),
IntLiteral(1) ) ),

fac())))))))))

For the type reconstruction of the method fac of the class factorial we need a set of
type assumptions A = { Arne } with

Apg ={1i:1int
<init>1pt @ int — Int
mul : Int — Int}

The type of the actual class act_cl is given as factorial and the finite closure FC( <)
is given as { factorial <* Int }.
Now we can start and call the TRprog.

(1) TRprog( A, absfactorial )

First, we apply the function NewTVar to absfactorial, which instances new type variables
for each parameter type and each return type. In this example we denote the fresh type
variables by the greek letters ay, o, ..., as above.

The result is given as:

NewT Var( absfactorial ) =
class( ClassName( factorial ), extends( Int ),
Method( <init>factorial, factorial, (i : int), Block( Bly) )
Method( fac, ay, (), Block( Bly) ) )

It holds:

Vheld”nethnds = {<init>factorja1 :int — factorial,fac:— o }

The sets of the parameters of the methods given as

Vi = {i: int}.
Vo = 0

Then, the function TRstart is called.
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(1.1) TRstart( (Block( Bl] ), BlOCk( BlQ ))7 (V] Vz) sz‘elds,methods )

As the constructor <init>actoriar CONsists no type variable, we consider only the type
reconstruction of the method fac.

TRstart calls by TRNextMeth the function TRStmt. In TRStmt only the Block constructor
is removed and the function TRStmts is called.

(1.1.1) TRStmts( [], Vyietds methods, Bl2)

In TRStmts for the first statement TRStmt is called again.

(1111) TRStmt( H Vfieldsjnet}wds, IfStmt( €p, €1, €2 ) )

where
eo = Equal( InstVar( this, i), IntLiteral(1)),
e; = Block( Return( New( Int, (IntLiteral(1))))), and
e = Block( Return( MethodCall( this,
mul( MethodCall(
New( factorial,
Minus( InstVar( this, i),
IntLiteral(1) ) ),

fac() ) ) ) ) )
First TRExp is called for eq.

(11111) TREXP( []7 Vfields,methodsv €0 )

In TRExp for Equal the function TRExp is called again for both arguments.

(1.1.1.1.1.1) TREXp( []7 Vficlds,mcmodm InstVar( this, i ) )
It holds

TREXP( []7 Vf’ields,methodsy thIS) = { (H, factorial, Vfields,methods) }

With this result TRInstVar is called.

(1.1.1.1.1.1.1) TRInstVar(([], factorial, Viieds methods): 1)
— C =1Int

— (i® : int) € Agge

— 0y = factorial

— Ozactoriar = TUnify .. (factorial, Int ) = {[] }

The result is then { ([], int, Viieds methods) }-
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(1111-1) TREXP( H Vfields,methodsv €o )

With this result TRExp is called for the second argument IntLiteral(1). The result is also
given as { ([], int, Vyicids.methods) }-
From this follows that the result of the whole function call is then given as

{ (H, bOOlean, Vfields,methvds) }

(1111) TRStmt( H/ Vfields,methodsy IfStmt( €p, €1, €2 ) )

With this result of the condition ey the function TRStmt is called from TRStmts for the
then—branch e;.

(1.1.1.1.2)  TRStmt( [], Vyicids_methods, Return( New( Int, (IntLiteral(1)))))

The result is
{([], Int, Vyictds methods) }-

(1111) TRStmt( H/ Vfieldsjnethods, IfStmt( €p, €1, €2 ) )

With this result of the then—branch e; the function TRStmt is called again from TRStmts
for the else—branch e,.

(1.1.1.1.3)  TRStmt( [], Viictds_methods: €5 )

where
¢4 = Return( MethodCall( this,
mul( MethodCall( New( factorial,
Minus( InstVar( this, i ),
IntLiteral(1) ) ),

fac() ) ) ))
Then TRExp is called.

(1111.31) TREXp( H, Vfields,methods-, 8/2/ )

where
ey = MethodCall( this,
mul( MethodCall( New( factorial,
Minus( InstVar( this, i),
IntLiteral(1) ) ),
fac() ) ))

First TRtuple is called for the receiver and the argument of the method call mul.



(1.1.1.1.3.1.1) TRtupIe( ([]767 Vf,'eldsjnethods),
(this, MethodCall( New( factorial,
Minus( InstVar( this, i),
IntLiteral(1) ) ),
tac() )

First, for the first expression of the tuple TRmultiply is called. The result is given as

{ (Hv faCtorialv Vfields,methods) }
Then, TRmultiply is called for the second expression. From TRmultiply the function TRExp
is called.

(11113111) TREXp( []7 vaieldsjneﬁ,,od‘q)7
MethodCall( New( factorial,
Minus( InstVar( this, i),
IntLiteral(1) ) ),
fac() )))

Now, TRtuple is called again for the receiver of fac:

TRtupIe( (Ha €, Vfields,methods)a (New(factorial,
Minus( InstVar( this, i),
IntLiteral(1) ) ))).

With the result
{ (Hv factoriaL Vfieldsjnethods) }
the function TRMCallApp is called.

(1111.31111) TRMCaIIApp( (H, factorial, Vfields,methods% fac( ) )

— case; = ) (as fac is no method of an already typed class)
— V=V\(fac®) U {fac® :— a; }
— unify = TUnify _. (factorial, factorial) = {[] }

— cases = { ([], a1, Vyictds methods) }

The result is given as
{ (H aq, Vfie/ds,meth,ods) }

(1111.311) TRtupIe( (H‘ €, Vfields,mef,hods)7
(this, MethodCall( New( factorial,
Minus( InstVar( this, i),
IntLiteral(1) ) ),
fac() )))

The result is given as
{([], factorial a1, Viieids methods) }-

176 APPENDIX C. TYPE RECONSTRUCTION EXAMPLE FACTORIAL

(1.1.1.1.3.1) TRStmt( H, VfieldanethDdﬂ 6g )
With this result the function TRMCallApp is called.

(1.1.1.1.3.1.2) TRMCallApp(([], factorial ou, Viicids methods), €5 )

where €}’ = mul( MethodCall( New( factorial,
Minus( InstVar( this, i ),
IntLiteral(1) ) ) ) )
— mul® : Int — Int € A,
- (?170,5171 — 51) = (Il’lt7 Int — Int)
— unify; = TUnify _. ((factorial, o), (Int, Int) ) = {[a; — Int], [0y = factorial] }

— substset; = { ([ay — Int], Int, Viieids methoas \{ fac :— a1 } U {fac :— Int }),
([r — factoriall, factorial, Vyieids methods \{ fac :— ay } U{ fac :— factorial }) }

— casey = retmy = substset;

— casey = ) (as mul is no recursive call)

This means that the result is given as

where
Viii1s1 = Viieldsmethos\{ fac :— a1 } U { fac :— Int }
‘/1%1.1.1,15,1 = Viields.methods \{ fac :— oy } U { fac :— factorial }

(1111) TRStmt( H Vfields,methadsy IfStmt( €p, €1, €2 ) )

The result of the then—branch is given as

{ (017 tylx, ‘/1) } = { (H7 Int, Vfields,methnds) }

The result of the else-branch is given as

This means

- um’fy{J ={[l}
— umjfyil ={[l}
— um}fy}g ={[l}
— unify;, = {[1}

From this follows the result

{00, 10, Vi 1 ag), ([0 I, V2 0g0) -
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(1.1.2) TRStmts([], Viietds-methods: Bla )

This means that the result is also:

{00,106, Vi 1 ag), ([0 I, V2 ag0) -

(1.1) TRstart( (Block( Bly ), Block( Bl )), (Vi,V2), Vyicids methods )

In TRstart the following is done

— 0, = RetType(fac, V), 5,) = Int

— wunify; = TUnify . (Int, Int ) = {[] }
— unify, = TUnify _. (Int, factorial ) = ()

From this follows the result

{1 Viaasn) b

(1) TRprog( A, absfactorial )
In TRprog finally, the intersection type of the different reconstructed type is built:

1

NG ) )
Atactorial = { <init>ilioriar int — factorial,

fac® : — Int}.

The result is then given as:
{ AInta Afactorial }

Summerized let us consider again the handling of inherited fields and recursive method
calls.

The handling of inherited fields is shown in (1.1.1.1.1.1.1). The field i (InstVar( this, 1))
is inherited from the class Int. During the type reconstruction all classes are determined,
which have an field i. In our case only the class Int is determined. Then by type
unification the receiver and the determined classes are unified. In our case factorial
(the actual class) and Int are unified.

In (1.1.1.1.3.1.1.1.1) we showed the handling of recursive method calls. In our example the
method fac is called recursive. In the function TRMCallApp first all classes are determined,
which contains methods with the given name and the given number of arguments. In our
case there is no class with a method fac. Only in the set of type assumptions Vieias methods
which contains the type assumptions of the actual class, there is an assumption for fac.
Which means that this method call is a recursive call.
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